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A collineation  group  of  a projective  plane  H,  is  totally  irregular  if  every  point  is 
fixed  by  a nontrivial  collineation.  Non-abelian  simple  strongly  irreducible  collineation 
groups  containing  a perspectivity  have  been  characterized  by  Reifart  and  Stroth. 
They  are  PSL[2,q),  q odd,  PSL(3,q),  PSU{3,q),  A7  or  J2.  Hering  and  Walker 
proved  that  the  projective  plane  which  admits  PSL{3,q),  q odd,  as  a strongly  irre- 
ducible collineation  group  with  a perspectivity,  is  isomorphic  to  PG{2,q). 

The  following  are  major  results  in  this  disertation.  Let  PSL{3,q)  be  a totally 
irregular,  not  strongly  irreducible  collineation  group  containing  a perspectivity.  By 
an  S-group  we  denote  a cyclic  subgroup  of  order  (9^  + 9 -|- 1)/(3,  — 1)  in  G.  If  every 
element  of  an  S-group  S fixes  the  same  set  of  points  as  S itself,  then  H is  either  of 
order  q ( Desarguesian  plane),  order  q^  ( Desarguesian  or  generalized  Hughes  plane), 
or  of  order  q^  ( Desarguesian,  Figueroa  plane  or  perhaps  some  other  planes). 

If  a S-group  does  not  have  the  above  property,  then  an  upper  bound  for  the  order 
of  n is  9^/3.  If  n is  a subplane  of  H which  is  left  invariant  by  all  the  perspectivities 
in  Auf(H),  then  the  group  Auf(H)  ants  on  H with  kernel  K.  We  have  either  H = 
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n = PG{2,q')  for  i = 1,2,3,  or  ft  = PG(2,q)  ^ II.  In  the  latter  case  Aui(II)/A:  < 
PTH3,q). 
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CHAPTER  1 
PRELIMINARIES 

1.1  The  problem  and  the  results 

Let  n be  a finite  projective  plane,  and  let  PSL{3,  q)  = G < Auf(H),  q = p"*,p  an 
odd  prime,  be  a totally  irregular  collineation  group  with  a nontrivial  perspectivity. 
Our  goal  is  to  determine  what  is  the  structure  of  the  plane  H. 

By  S-group  we  mean  the  maximal  cyclic  subgroup  of  order  {q^  + q + l)/(3,  q — 1) 
in  G.  (This  group  is  isomorphic  to  an  intersection  of  a Singer  cycle  in  PGL{3,q) 
with  PSL{3,q).) 

Here  are  the  results: 

1)  If  n denotes  the  order  of  the  plane  H,  then  n = q or  n = Lq^{q  — 1)  + where 

L > 0. 

2)  If  an  S-group  is  special,  i.e.  Fix{s)  = Fix{S)  for  every  s £ S,  then  we  have 
one  of  the  following: 

(i)  n = q and  H = PG{2,q). 

(ii)  n = q^  and  H = PG{2,  q^)  or  H is  generalized  Hughes  plane. 

(iii)  n = q^  (possible  planes  include  PG{2^q^)  and  Figueroa  plane). 

3)  If  an  S-group  is  not  special,  and  |Fix(5)|  = 3,  then  Au<(H)  < PTL{3,q). 

4)  If  an  S-group  is  not  special,  and  |F’ia:(5)l  greater  than  3,  then  Aut{U)/K  < 
PTL(3,q),  where  K is  kernel  of  Auf(H)  on  an  invariant  subplane  isomorphic  to 
PG(2,q). 

5)  If  an  S-group  is  not  special,  then  n < 9^/3. 
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Here  we  will  give  a short  overview  of  the  main  idea;s  we  used  in  proving  the  above 
results. 

If  PSL{3,q)  ^ G < Aut(n),  q = an  odd  prime,  is  a totally  irregular 

collineation  group  with  a nontrivial  perspectivity,  then  the  existence  of  that  per- 
spectivity  implies  that  an  involution  in  G is  a perspectivity,  as  proved  in  section  2.1 
(theorem  2.1.2).  Since  all  the  involutions  in  G are  conjugate,  every  involution  is  a 
perspectivity. 

The  existence  of  an  involutory  perspectivity  in  G implies  the  existence  of  a De- 
sarguesian  subplane  0 of  order  q in  the  plane  H (lemma  2.1.5).  This  fact  helps  us  to 
control  the  action  of  G on  the  points  of  H outside  of  fl.  As  a consequence  of  sections 

2.1  and  2.2  it  was  shown  that  all  the  elements  of  order  dividing  q,  q — 1 or  q I 
are  generalized  perspectivities  and  their  fixed  points  are  on  the  lines  of  (theorem 
2.2.1). 

Since  G is  totally  irregular,  points  of  H which  are  not  on  the  lines  of  fl  must  be 
fixed  by  elements  of  order  dividing  (?^  + ? + 1)/(3, 9 — 1),  i.e.  by  elements  of  S-groups. 
At  this  point  S-groups  start  playing  an  important  role. 

In  section  3.2  we  assumed  S-groups  are  special,  i.e.  points  fixed  by  any  element 
of  a group  axe  fixed  by  the  whole  group.  Using  the  partition  of  the  plane  H together 
with  some  results  originating  from  coding  theory,  we  prove  that  the  order  of  H is  9, 
q^  or  q^  (theorem  3.2.2). 

If  S-groups  are  not  special,  as  in  section  3.3,  it  is  very  hard  to  specify  the  plane 
order,  and  even  harder  to  pin  down  the  geometric  structure  of  the  plane  H.  In  lemma 

3.3.1  some  bounds  for  the  order  of  H are  given.  The  set  of  points  fixed  by  a S-group 
is  very  complicated.  It  could  be  a union  of  planes  which  do  or  do  not  intersect.  In 
lemma  3.3.1  we  also  give  some  details  about  that  set. 
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To  gather  more  information  on  II,  we  introduce  H,  a subplane  of  II  which  is  left 
invariant  by  the  group  of  all  the  perspectivities  of  II.  The  total  collineation  group 
y4ut(n)  acts  on  ft  with  a certain  kernel  K.  In  lemma  3.3.2  it  was  shown  that  either 
ft  / n and  then  ft  = 0 ^ PG{2,q)  or  U = U ^ PG{2,q^),  for  t = 1,2  or  3.  If 
ft  n,  then  Aut{U)IK  < PTL{^,q).  It  was  proved  that  K is  controled  by  S-groups 
and  their  fixed  structures  as  shown  in  lemma  3.3.4. 

1.2  Background  of  the  problem  and  some  definitions 

The  motivation  for  considering  which  types  of  finite  projective  planes  admit  to- 
tally irregulax  collineation  groups  ( i.e.  such  that  stabilizer  of  any  point  is  nontrivial) 
comes  from  our  wish  to  classify  all  finite  projective  planes.  Since  all  known  finite 
projective  planes  except  for  translation  planes  with  trivial  complement  admit  totally 
irregular  collineation  groups,  it  is  reasonable  to  consider  such  groups  and  look  at  the 
planes  they  act  on.  Our  hope  is  that  in  that  way  we  could  discover  a new  finite 
projective  plane. 

We  will  begin  with  definitions  of  some  basic  geometric  objects.  Other  notation 
and  terminology  concerning  groups  and  projective  planes  can  be  found  in  Gorenstein 
[6],  Hupert  [16]  or  Suzuki  [21]  (for  groups),  and  Dembowski  [5]  and  Hughes  and  Piper 
[15]  (for  planes). 

Definition  1.2.1  Let  V be  a set  of  points,  C a set  of  subsets  of  V called  lines,  and  I 
an  incidence  relation.  We  say  {V,C,X)  is  a projective  plane  if  the  following  is  true: 

1 ) For  every  two  points  there  is  exactly  one  line  incident  with  them. 

2)  For  every  two  lines  there  is  exactly  one  point  incident  with  them. 

3)  There  are  four  points  in  V such  that  no  three  of  them  are  collinear. 

When  V is  finite,  we  say  {V,  C,  T)  is  a finite  projective  plane. 

We  denote  points  with  capital  letters  and  lines  with  lowercase  letters. 
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An  easy  consequence  of  the  definition  is  the  following  fact. 

Assume  ('P,  £,X)  is  a finite  projective  plane.  The  number  of  points  on  the  line  is 
the  same  for  every  line,  say  n + 1.  The  number  of  lines  through  a point  is  also  the 
same  for  every  point,  and  is  equal  to  n 1.  The  number  of  points  in  the  plane  is 
equal  to  the  number  of  lines  in  the  plane,  and  that  number  is  + n + 1 . 

We  say  that  (P,  £,  J)  is  a finite  projective  plane  of  order  n. 

Now  we  will  introduce  the  concept  of  collineation. 

Definition  1.2.2  Assume  (P,  £,  J)  is  a finite  projective  plane.  Let  a : V — > V he  a 
bijection.  Let  fi  : £ — > C be  a bijection  induced  by  a,  i.e.  {PQY  = P°‘Q°‘ ■ If  ot  and 
fi  preserve  incidence,  i.e.  P I I -4==^  P“  / l^ , we  say  that  a is  a collineation. 

Under  the  usual  definition  of  products  of  mappings  it  is  clear  that  the  set  of 
edl  collineations  of  a given  plane  II  forms  a group.  This  group  is  called  the  full 
collineation  group  and  is  denoted  by  Aut(II).  When  we  refer  to  a collineation  group, 
we  mean  a subgroup  of  Aut(II). 

Let  G be  a group  and  fl  a finite  set.  An  action  of  G on  fi  is  a homomorphism 
a : G — > Sym{Q),  where  Sym(fl)  is  the  symmetric  group  of  17.  We  say  that  G acts 
faithfully  on  17  if  ker{a)  = 1.  ( We  will  write  P®  instead  of  P°‘^^\  for  g G G.) 

For  a point  X € II,  Gx  = {g  E G : = X}  is  the  stabilizer  of  the  point  X. 

The  point  set  X^  = {X^  : g £ G}  is  the  G-orbit  containing  X. 

The  following  is  true:  = |G|/|Gx|. 

Let  q be  an  odd  prime  power  throughout,  i.e.  q = p*",  m > 1 and  p an  odd  prime. 
For  a prime  power  q,  we  can  always  construct  a finite  projective  plane  as  follows. 

T^lke  any  field  GF{q).  We  define  {V,C,I)  in  the  following  way:  let  P be  the  set 
of  till  one-dimensional  subspaces  in  {GF{q)Y,  let  £ be  the  set  of  all  two-dimensional 
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subspcices  in  {GF{q))^,  and  let  I be  the  inclusion.  Such  a plane  is  called  Desarguesian 
and  is  denoted  by  PG{2,q). 

Up  to  now,  there  has  been  no  finite  projective  plane  whose  order  is  not  a prime 
power,  and  it  is  thus  conjectured  that  a plane  of  composite  order  does  not  exist.  One 
fact  to  support  the  conjecture  was  proved  by  Bruck  and  Ryser  [15].  They  showed 
that  composite  numbers  which  satisfy  certain  conditions  can  not  be  orders  of  planes. 

Theorem  1.2.1  (Bruck-Ryser) 

Let  n = 1 or  2 {mod  4).  Then  there  is  no  plane  of  order  n,  except  if  n can  be 
represented  as  a sum  of  two  squares. 

Nothing  is  known  about  numbers  n ^ 10  which  can  be  represented  as  sum  of  two 
squares.  Bruck-Ryser  theorem  does  not  say  if  such  a plane  exists.  The  first  number 
that  could  not  be  ruled  out  using  Bruck-Ryser  theorem  is  10.  For  a long  time  existence 
of  a plane  of  order  10  was  an  open  question,  until  C.  Lam  came  up  with  a computer 
proof  for  non-existence  of  such  plane  in  1991.  (Remark;  for  n = 2,3,4, 5, 7, 8 there 
is  only  Desarguesian  plane  of  such  order.  For  n = 9 there  are  more  planes,  and  they 
are  all  classified  by  C.  Lam  in  1992.) 

Now  we  will  define  fixed  substructure  of  a collineation  and  related  concepts. 
These  substructures  are  important  to  determine  geometry  which  corresponds  to  a 
collineation  group. 

Definition  1.2.3  For  g e G < Au<(II),  we  define  V{g)  as  the  set  of  points  fixed  by 
g,  and  C{g)  as  the  set  of  lines  fixed  by  g.  Also  we  define  V{G)  = Dg^aV{g),  and 

C{G)  = Hg^aCig). 

Note  that  {V{g),C{g),l)  satisfies  the  first  two  axioms  of  a projective  plane.  The 
incidence  structure  with  these  two  properties  is  called  a closed  configuration  or  a 
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substructure.  For  convenience,  we  will  denote  {V{g),C{g),I)  by  Fix{g),  and  call  it 
the  fixed  substructure  of  g.  We  will  denote  (V{G),C{G),  I)  by  Fix(G)  and  call  it 
the  fixed  substructure  of  G. 

In  the  remauning  text  we  will  interpret  incidence  relation  as  being  an  element  of, 
in  the  case  when  P / /,  or  containing  an  element,  in  the  case  when  IIP. 

With  [P]  (resp.  (/)  ),we  will  denote  the  set  of  all  lines  (resp.  points)  that  are  incident 
with  point  the  P (resp.  line  /). 

The  substructures  fixed  by  elements  of  a collineation  group  are  very  important 
because  they  give  us  information  about  the  plane.  It  is  possible  to  see  that  substruc- 
tures can  be  only  of  certain  types,  namely  if  the  substructure  is  nonempty  there  are 
only  three  ba^ic  possibilities.  It  can  be  a subplane,  or  it  consists  of  points  on  one  line 
or  points  on  one  line  and  possibly  only  one  point  off  the  line.  This  will  be  expressed 
in  a precise  way  in  the  following  theorem  [9]. 

Theorem  1.2.2  Each  substructure  of  the  projective  plane  II  = {V,C,X)  is  one  of  the 
following  types: 

A)  empty  set. 

Bi)  {B,  {/})  where  I £ C,B  C I and  \B\  = i. 

Bdi)  ({P},/C),  where  PeV,K<Z[P]  and  |X:i  = i. 

Cij)  (B,)C),  where  B C I and  K C [P]  for  some  line  I G C and  point  P ^ B.  Also 
\B\{P}\=iand  \fC\{l}\=j. 

Di)  {B,  fC),  where  B = {P}  U X and  IC  = {/}  U {XP  : X e X}  for  some  line  I, 
the  subset  X (Z  I and  point  P E B \ l.  Also  \X\  = i. 

E)  a subplane. 

Note  that  the  type  of  a substructure  is  not  always  uniquely  defined  by  this  list. 
For  example  a substructure  of  type  B\  is  also  of  type  Bdi  and  of  type  (7o,o- 
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Elements  whose  fixed  substructure  is  of  type  Bi,  Bdi,  Cij,  or  Di  are  called  gen- 
eralized perspectivities. 

If  a non  trivial  collineation  g fixes  all  the  points  on  one  line,  g is  called  a perspec- 
tivity  and  that  line  is  called  the  axis  of  g.  A point  such  that  every  line  through  it 
is  fixed  is  called  the  center  of  g.  If  the  center  is  on  the  axis,  Fix{g)  is  of  type  Cn,n 
cind  we  say  that  g is  an  elation,  otherwise  Fix{g)  is  of  type  Dn+i  and  we  say  that  g 
is  a homology.  Our  notation  is  Og  for  the  axis  of  g,  and  Cg  for  the  center  of  g.  If  the 
fixed  structure  of  is  a plane,  we  say  that  g is  planar. 

Among  all  the  elements,  an  element  of  order  two  (involution),  is  of  special  impor- 
tance. Involutions  have  specific  fixed  substructures. 

Theorem  1.2.3  (Baer) 

Involution  is  either  a perspectivity,  or  it  is  planar.  In  the  latter  case  its  fixed 
substructure  is  a Baer  subplane. 

Baer  subplcine  is  a subplane  such  that  every  point  in  the  plane  is  incident  with  at 
least  one  line  of  the  subplane,  and  every  line  in  the  plane  is  incident  with  at  least  one 
point  of  the  subplane.  In  general,  a set  in  a plane  with  the  above  property  is  called 
a blocking  set.  Here  is  a result  by  A.  Bruen  [3]  which  gives  a bound  for  a number  of 
points  in  a blocking  set. 

Theorem  1.2.i  (Bruen,  1987) 

Let  n be  the  order  of  a plane  H,  and  let  S be  a blocking  set  in  H.  Then, 

n + a/u  + 1 < I-S]  < — Vn 


In  general,  the  following  is  known  about  a subplane  order  in  relation  to  the  plane 


order. 
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Theorem  1.2.5  (Bruck) 

Suppose  a plane  II  is  of  order  n,  and  it  has  a proper  subplane  of  order  m.  Then 

+ m < n or  = n 

In  the  latter  case  we  say  that  the  subplane  is  Baer. 

We  will  be  particularily  interested  in  collineation  groups  which  contain  a nontrivial 
perspectivity,  because  they  seem  to  give  better  handle  on  the  action  of  the  group  on 
the  plane. 

In  general,  there  are  two  approaches  in  investigating  the  interconnection  between 
the  planes  and  their  collineation  groups. 

First  approach  is  to  use  the  structure  of  the  plane  to  determine  the  collineation 
group.  Here  is  a result  by  C.  Hering  that  shows  how  a plane  controls  an  effective 
bound  of  the  order  of  the  collineation  group. 

Theorem  1.2.6  Let  H be  a finite  projective  plane  of  order  n,  G its  collineation  group, 
and  f = l.c.m.{\GABCD\  ■ ABCD  is  an  ordered  quadrangle} . Then 

|G1  I n\n-lY{n  + l){n'^ + n + l)f 


Not  much  in  general  is  known  about  /.  It  is  difficult  to  determine  it.  In  general, 
the  only  known  thing  about  / is  that  if  a plane  H contains  a Baer  subplane,  / < 

Other  approach  is  to  use  the  collineation  group  to  determine  the  geometry  of  the 
plane.  This  way  of  looking  at  things  has  given  many  interesting  results.  One  big 
advantage  is  that  if  we  know  the  collineation  group,  we  can  put  a bound  on  the  plane 
order  [11]. 


Theorem  1.2.7  (Ho  [11]) 
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The  order  of  a finite  projective  plane  admitting  a group  G as  a collineation  group 
is  bounded  by  a function  of\G\  and  the  number  of  regular  G- orbits  of  points.  If  r is 
a number  of  regular  G-orbits,  then 

n — -\/n  < r|G|/4  + |G|  — 2 

The  bound  is  even  smaller  if  regular  orbits  could  be  eliminated,  in  that  case 
n <3|Gl/2  + l. 

This  , among  other  things,  led  to  the  concept  of  totally  irregular  groups  [12]  and 
[12,13,14]. 

Definition  1.2. A A collineation  group  G is  totally  irregular  if  there  are  no  regular 
orbits,  i.e.  if  G a ^ 1,  for  every  A eV. 

Another  important  concept  was  introduced  by  C.  Bering  [9]  in  1979.  Here  is  the 
definition. 

Definition  1.2.5  A collineation  group  G is  strongly  irreducible  if: 

1)  G does  not  leave  invariant  any  point. 

2)  G does  not  leave  invariant  any  line. 

3)  G does  not  leave  invariant  any  triangle  (three  non-colinear  points). 

4)  G does  not  leave  invariant  any  proper  subplane. 

To  determine  the  structure  of  the  plane  without  any  conditions  on  the  group 
action  is  a very  difficult  task.  The  problem  is  choosing  conditions  that  are  natural, 
i.e.  which  appear  in  the  planes  we  know. 

Let  us  also  mention  that  total  irregularity  is  an  algebraic  condition  (it  is  expressed 
in  terms  of  group  structure),  while  strong  irreducibility  is  geometric  (involves  fixed 
structures  in  the  plane). 
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An  advantage  of  total  irregularity  is  that  we  have  some  control  over  every  point 
in  the  plane.  The  degree  of  control  depends  on  the  normalizer  of  the  stabilizer  of 
the  point.  The  bigger  the  normalizer,  the  more  information  we  get  about  the  point. 
Naturally,  it  also  very  much  depends  on  the  structure  of  collineation  group  G. 

At  first,  only  strongly  irreducible  groups  were  researched.  Later  on,  it  became 
obvious  that  another  property  was  needed  to  tighten  the  grip  on  the  plane,  and  then 
total  irregularity  came  in  the  picture  [11,12,13,14]. 

The  following  is  known  about  strongly  irreducible  groups: 

Theorem  1.2.8  (Hering  [9]) 

Let  G be  a strongly  irreducible  collineation  group,  containing  a nontrivial  per- 
spectivity.  Then  G contains  a unique  minimal  normal  subgroup  M and  one  of  the 
following  holds: 

1)  m ^ M has  no  fixed  points,  for  all  m ^ M. 

2)  M^ZsxZ^  and  Cg{M)  = M. 

3)  M is  non-abelian  simple  and  M < Aut{M). 

In  the  interest  of  further  research,  it  was  important  to  classify  groups  which 
could  appear  as  non-abelian  simple  strongly  irreducible  collineation  groups  with  a 
perspectivity.  That  list  is  given  in  the  following  theorem. 

Theorem  1.2.9  (Reifart-Stroth  [19]) 

Non-abelian  simple  strongly  irreducible  collineation  groups  which  contain  a non- 
trivial perspectivity  are 

PSL{2,q),  (qodd),  PSL{3,q),  PSU{3,q),  Aj  or  J2. 

One  family  of  the  rank  one  simple  groups  of  Lie  type  not  included  in  this  list  is 
which  are  collineation  groups  of  Luneberg  planes. 
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A natural  question  to  ask  is  what  can  be  said  about  projective  planes  which  admit 
the  above  groups  as  their  strongly  irreducible  collineation  groups  with  a nontrivial 
perspectivity.  To  show  a variety  of  possible  responses,  let  us  mention  that  there  is  no 
known  finite  projective  plane  that  admits  J2  as  its  collineation  group,  while  groups 
PSL{2,5),PSL{2,7),PSL{2,9)  acts  on  infinitely  many  Desarguesian  planes. 

The  latter  provides  evidence  for  the  fact  that  the  geometry  of  planes  admitting 
small  strongly  irreducible  collineation  groups  seems  very  difficult  to  determine. 

1.3  Review  of  all  known  results 

Extensive  research  has  been  done  on  strongly  irreducible  collineation  groups  con- 
taining perspectivities,  and  corresponding  geometries  [7,8,9,19]. 

The  following  is  known  about  the  groups  from  the  Reifart-Stroth  list: 

Theorem  1.3.1  ( Hering-  Walker  [7]  ) 

Let  G be  a strongly  irreducible  collineation  group  of  a finite  projective  plane  II 
such  that  G contains  a perspectivity. 

If  G contains  a normal  subgroup  M which  is  isomorphic  to  PSL{3,q),  then  ei- 
ther n is  PG{2,  q)  or  q = 2,G  = PSL{3, 2),  and  any  nontrivial  perspectivity  is  an 
involutorial  homology. 

This  was  the  first  family  of  groups  from  Reifart-Stroth  list  which  was  investi- 
gated. Both  the  requirements  that  G is  strongly  irreducible  and  contains  a per- 
spectivity proved  to  be  crucial  for  the  construction  of  PG{2,q).  In  the  proof  of  the 
theorem,  Hering  and  Walker  constructed  PG{2,  q)  by  taking  centers  of  perspectivi- 
ties in  PSL{3,q)  to  be  points  and  axes  of  perspectivities  in  PSL{Z,q)  to  be  lines  of 
PG{2,q). 

The  next  family  of  groups  to  be  investigated  was  PSU{3,q)  under  the  same 
conditions,  i.e.  the  group  was  strongly  irreducible  and  contained  a perspectivity. 


12 


These  new  groups  created  a more  complicated  situation.  It  was  not  merely  enough 
to  have  a perspectivity,  but  the  type  of  perspectivity  also  played  a role.  It  turned 
out  that  elations  offered  a better  grip  on  the  plane,  and  in  that  case  it  was  possible 
to  completely  answer  the  question  about  the  corresponding  plane  [8].  That  result  is 
listed  below. 

Theorem  1.3.2  ( Hering- Walker  [8]) 

Let  G = PSU{3,q)  be  a strongly  irreducible  collineation  group  of  a finite  projective 
plane  II  such  that  G contains  a nontrivial  elation.  Then  II  is  PG{2,q^). 

C.  Ho  and  A.  Gongalves  investigated  PSU{S,q)  in  the  remaining  case,  i.e.  when 
the  group  is  strongly  irreducible  and  contains  a perspectivity  which  is  not  an  elation 
(see  [14]).  Moreover,  they  assumed  that  an  involution  is  a perspectivity.  Since  no 
perspectivity  can  be  an  elation,  involution  must  be  a homology.  However,  strong 
irreducibility  and  involutorial  perspectivity  proved  to  be  too  weak  for  pinning  down 
the  geometry  of  the  plane.  Therefore  Ho  and  Gongalves  added  the  total  irregularity. 
Their  result  is  listed  below. 

Theorem  1.3.3  (Ho-Gongalves  [Ij]) 

Let  G = PSU (3,  q)  be  a strongly  irreducible,  totally  irregular  collineation  group  of 
a finite  projective  plane  H of  order  n,  such  that  G contains  an  involutory  homology, 
and  q € {3,5,7}.  Assume  n ^ 1 (mod  3)  when  q = 3.  Then  H is  PG{2,q^). 

Ho  and  Gonsalves  also  worked  on  group  PSL{2,q)  which  is  strongly  irreducible 
cind  contains  a perspectivity  [13].  There  they  encountered  similar  situation  in  the 
sense  that  the  strong  irreducibility  and  existence  of  a perspectivity  was  not  enough 
to  describe  the  plane  structure.  Again,  total  irregularity  was  added  to  the  list  of 
hypothesies.  Regardless  of  that,  the  action  of  PSL{2,q)  is  considerably  harder  to 
describe,  which  is  obvious  from  the  number  of  cases  in  the  following  theorem. 


13 


Theorem  1.3.i  (Ho-Gongalves  [13]) 

Let  G = PSL{2,q),  q = l{mod  4),  be  a strongly  irreducible,  totally  irregular 
collineation  group  of  a finite  projective  plane  II  of  order  n,  such  that  G contains  an 
involutory  homology.  We  distinguish  two  cases. 

Case  1. 

Assume  q = p°‘  9,  where  p is  prime. 

If  Ga  Is  even  or  divisible  by  p,  for  every  A € II,  then  II  = PG{2,q),  or  q = 5 and 
n = PG{2, 9),  orq  = 5 andU  = PG{2, 11). 

Ifn  ^ 0, \{mod  (9  + 1)/?),  then  either  II  = PG{2,q)  or  q = 5 and  II  = PG{2, 11). 

Case  2. 

Assume  q = 9 

Then  H = PG{2, 9),  or  n = 19, 25, 31  or  61 . 

It  is  clear  from  the  work  of  Ho  and  Gonsalves  that  the  addition  of  toted  irregularity 
provides  us  with  a better  tool  to  determine  the  geometry  of  the  corresponding  plane 
[11,12,13,14]. 

It  is  also  significant  that  all  known  planes  except  translation  planes  with  trivial 
complement  addmit  totally  irregular  collineation  groups,  so  this  is  a natural  condi- 
tion. 

All  this  inspired  reseaxch  in  totally  irregulaj  groups.  When  looking  at  the  way 
a group  acts  in  the  corresponding  plane,  the  group  in  question  can  be  strongly  irre- 
ducible or  not,  which  gives  us  two  cases  to  consider. 

As  before,  we  will  consider  only  totally  irregular  groups  that  contain  a perspec- 
tivity.  Ho  and  Gongalves  classified  all  nonabelian  simple  groups  which  contain  an 
involutory  perspectivity  (note  this  is  less  general  than  requiring  any  perspectivity). 
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Among  those  groups  we  find  all  of  those  from  Reifaxt-Stroth  list  with  the  addition  of 
Here  is  their  result. 

Theorem  1.3.5  (Ho-Gongalves  [14]) 

Let  G be  a totally  irregular  non-abelian  simple  collineation  group  of  a finite  pro- 
jective plane  H,  containing  an  involutory  perspectivity.  Then  one  of  the  following 
occurs: 

1)  G acts  strongly  irreducibly  on  the  subplane  generated  by  all  the  centers  and 
axes  of  involutory  perspectivities  and  is  isomorphic  to  one  of  the  following  groups 

PSL{2,q),  (q  odd),  PSL{3,q),  PSU{3,q),  At  or  J2. 

2)  G is  isomorphic  to 

P5L(2,2‘),  PSU{3,2*),  or  5^(2^''+^) 

and  G fixes  a point  or  a line  which  is  not  a centre  or  an  axis  of  any  perspectivity  of 
G. 

The  above  result  has  reinforced  the  importance  of  researching  groups  on  the 
Reifcirt-Stroth  list. 

Very  natural  question  is  to  ask  what  can  be  said  about  each  of  the  groups  on  the 
list  if  they  are  totally  irregular  and  contain  a perspectivity. 

A group  of  the  type  PSU{3,q)  was  considered  again  by  Ho  and  Gonsalves. 

Theorem  1.3.6  (Ho-Gongalves  [Ij]) 

Let  G = PSU{3,q),q  odd,  be  a totally  irregular  collineation  group  of  a finite 
projective  plane  H of  order  n,  containing  an  involutorial  homology.  Let  G be  Aut(H). 
Then  the  number  of  subgroups  of  prime  order  of  G is  larger  than  n and  one  of  the 
following  occurs: 


15 


1) U  = PG{2,q^)  orPG{2,q^). 

2)  n is  a non-  Desarguesian  plane  of  order  q*  containing  a G-invariant  subplane 
of  order  q^. 

3)  G < G,  n < (^  and  G leaves  invariant  a unital  of  order  q. 

Note  that  in  this  theorem  involution  is  a perspectivity.  More  general  situation  is 
not  to  put  any  constraints  on  involution,  but  then  we  may  run  in  the  trouble  with 
Baer  involutions. 

In  this  dissertation  we  will  be  looking  at  PSL{3,  q),  q odd,  which  is  totally  irregu- 
lar and  contains  a perspectivity.  We  will  be  interested  in  how  that  group  determines 
the  geometry  of  the  plane  II  which  it  aets  on. 

Notice  there  is  no  assumption  on  involution.  However,  it  will  be  shown  that  if 
there  is  any  perspectivity  in  PSL{3,  q),  q odd,  totally  irregular,  then  involution  is 
consequently  a perspectivity.  This  is  one  of  the  crucial  results  for  the  rest  of  this 
disertation,  because  it  meikes  it  possible  to  inbed  PG{2,  q)  in  H and  therefore  makes 
it  possible  to  control  the  action  of  the  group  on  H using  the  action  on  PG{2,q). 

1.4  About  PSL(S.a) 

In  this  section  we  will  list  some  properties  of  PSL{3,q),  q = p"*,  m > 1,  where  p 
is  an  odd  prime. 

We  can  think  about  elements  of  PSL{3,  q)  in  two  ways:  as  elements  of  51(3,  q)/{SL{3,  q)n 
V),  or  as  elements  of  SL{3,q)T>IT>,  where  V = {diag{a,a,a)  : a € GF{qY}. 

We  will  always  think  of  elements  of  PSL{3,q)  in  the  first  sense,  i.e.  as  cosets  in 
SL{3,q)/{SL{3,q)  n V),  unless  stated  otherwise. 

Let  g e PSL{3,q)  he  g = A{SL{3,q)  n D),  for  some  A e SL{3,q).  For  the  sake 
of  simplicity,  we  will  identify  g with  A. 

Throughout  this  section,  G stands  for  PSL{3,q). 
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First  we  will  clasify  elements  of  G [20]. 


Lemma  l.A.l  [20] 

An  element  g E G is  conjugate  in  PGL{3,  q)  to  one  of  the  following: 
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where  < p >=  GF{qY,  < <r  >=  GF{q^,  and  < r >=  GF{q^. 

Elements  Tyj  and  Tys  are  represented  as  matrices  over  fields  GF(q^)*  and  GF(q^)* 
respectively  (as  PGL(3,q)  can  be  embedded  in  PGL{3,q^)  and  PGL[3,q^)). 


The  group  PSL{3,q)  acts  on  PG{2,q)  in  the  claissical  way  [17].  In  that  situation, 
elements  of  type  Ty2  are  of  order  p and  aet  as  elations.  Elements  of  type  Tys  are 
also  of  order  p,  but  they  fix  only  one  line  in  PG{2,q)  and  only  one  point  on  that 
line.  Elements  of  type  Ty^  act  as  homologies,  and  elements  of  type  Tye  as  triangular 
elements  (i.e.  they  fix  a triangle  in  PG{2,q)).  Both  Ty^  and  Tj/e  are  of  order  which 
divides  q — 1.  Elements  of  type  Tyj  are  of  order  which  divides  9 + 1,  and  they  fix 
only  one  line  in  PG{2,q)  and  only  one  point  off  that  line.  Elements  of  type  Tyg  are 
contained  in  a Singer  cycle  which  acts  fix  point  freely  on  PG{2,q). 

Corollary  l.i.l  1)  All  involutions  in  PSL{3,q)  are  in  the  same  conjugacy  class. 

2)  All  elements  of  order  p are  conjugate  in  PSL(3,q)  to  either  Ty2  or  Tyg. 

3)  \PSL{3,q)\  = q\q^  - l){q^  - l)/p,  where  fi  = {q  - 1,3). 

4)  If  two  elements  of  type  Ty^  (resp.  Tyg)  are  conjugate  in  PGL{3,q),  they  are 
also  conjugate  in  PSL{3,q). 
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Before  we  mention  other  properties  of  PSL(3,q),  let  us  list  some  elements  and 
subgroups  of  PSL{S,q). 

In  the  following  text,  G = PSL{3,q). 
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Lemma  l.i.2  ( Moorhouse  [18]) 

1)  |C'g(01  = 9(9  + 1)(9  - = (9  - 1)//^- 

2)  Ca{i)IZi  ^ PGL{2,q). 

3)  G contains  involutions  ti  and  T2  such  that  Cg(ti)  H Cg{t2)  ^ 1 

< Cg{ti)  ,Cg{t2)  >=G. 

4)  \K\  = {q-iy/fi. 

5)  < Po,  Pi  >=  G. 

6)  G has  exactly  two  conjugacy  classes  of  maximal  subgroups  of  index  9^  + 9 + 
1,  represented  by  PoCgCO  a,nd  PiCg(0-  These  two  classes  are  interchanged  by  the 
conjugate-transpose  automorphism  of  G. 

7)  Suppose  that  G < y4uf(II)  where  II  is  a projective  plane  of  order  q.  Then  II  is 

Desarguesian.  There  are  two  equivalence  classes  of  faithful  actions  of  G onH.  In  one 
such  action  PoCg(0  (respectively  PiCg(0J  stabilizer  of  a point  (respectively  a 

line)  o/n. 

8)  Suppose  that  G < Aut(II)  where  II  is  a projective  plane,  and  let  X be  a point 
o/n.  If  the  orbit  has  length  9^  + 9 + 1,  then  its  points  are  either  collinear,  form 
an  arc,  or  generate  a Desarguesian  subplane  of  order  q. 

In  Chapters  2.  and  3.  we  will  constantly  use  the  subgroup  structure  of  PSL{3, 9). 
The  following  two  theorems  give  the  list. 

Theorem  1.1.1  (Bloom  [1]) 

Let  H be  a maximal  subgroup  of  G = PSL{3,q)  of  order  bigger  than  1,  q = p°“ , p 
an  odd  prime.  Assume  H has  no  normal  elementary  abelian  subgroup  of  order  bigger 
than  1 . Then  H is  isomorphic  to  one  of  the  following: 

1)  PSL(3y),  ^ I a. 

i)  PSUiZy),  2/3  I a. 
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3)  In  the  case  where  3 | — 1 and  3^  \ a,  a group  containing  the  subgroup  of 

type  1)  with  index  3. 

4)  In  the  case  where  3 1 + 1 and  6/3  | a,  a group  containing  the  subgroup  of  type 

2)  with  index  3. 

5)  PSL(2,p^)  or  PGL{2,pP)  with  /3  | a and  p^  / 3. 

6)  PSL{2,5)  with  ^ = +1  or  — l(mod  10). 

7)  PSL{2,7)  with  = l{mod  7). 

8)  Aq,  Ar  or  a group  containing  A^  with  index  2,  with  p = 5 and  a even. 

9)  Ae  with  q = I or  19(mod  30). 

Moreover,  PSL{3,  q)  has  exactly  one  subgroup  of  each  type  mentioned  (for  each 
indicated  value  of  q,^)  up  to  conjugacy  in  GL{3,q)IZ{SL{3,q)). 

Let  H he  a.  subgroup  of  G.  In  the  next  theorem  jH  stands  for  the  inverse  image 
of /f  in  SL{3,q). 

Theorem  1.4-2  (Bloom  [1]) 

Let  H be  a subgroup  of  G = PSL{3,q)  not  satisfying  the  hypothesis  of  the  previous 
theorem.  Then  one  of  the  following  occurs: 

1)  H has  a cyclic  p-regular  normal  subgroup  of  index  < 3. 

2)  H has  a diagonal  normal  subgroup  N such  that  HjN  is  isomorphic  to  a sub- 
group of  S3. 

3)  has  a normal  elementary  abelian  p-subgroup  N such  that  jHfN  is  isomor- 
phic to  a subgroup  of  GL{2,q).  We  include  the  case  N = 1. 

4)  q = l(mod  9),  H has  a normal  subgroup  A,  abelian  of  type  (3,3)  , with  H/A 
isomorphic  to  a subgroup  of  SL{2,3).  All  subgroups  of  SL{2,3)  occur  in  this  context. 
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5)  q = l{mod  3),  q ^ l{mod  9);  H has  a normal  subgroup  A,  abelian  of  type 
(3,3),  with  H/A  isomorphic  to  the  quaternion  group  Q of  order  8.  All  subgroups  of 
Q occur  in  this  context. 

By  S we  will  denote  an  S-group  in  G = PSL{3,q),  i.e.  a cyclic  subgroup  of  order 
q^  + q+l/fiinG.  Normalizer  Ng{S)  contains  an  element  of  order  3 on  top  of  S,  and 
it  is  maximal  in  G.  Also  \Na{S)\  = dlS'].  All  the  S-groups  are  conjugate  in  G.  Two 
different  S-groups  generate  the  whole  group  G [16]. 

1.5  Faets  about  perspectivities 

In  this  section  some  important  properties  of  perspectivities  will  be  listed. 

Lemma  1.5.1  (Hughes  and  Piper  [15]) 

Let  n 6e  a projective  plane.  If  a is  an  (A,a)-perspectivity  of  H and  ^ is  any 
collineation  ofH,  then  is  a [A^,a^)-perspectivity. 

Let  G be  any  collineation  group  of  a projective  plane  II. Let 

G{A,a)  = group  of  all  (A,  a)  perspectivities  in  G. 

G(l,a)  = ^A€lG(A,a)i 
G(A,B)  = UBeaG(A,a), 

G(a)  = UAepG(A,a), 

G(A)  = UaecG(A,a)- 

Lemma  1.5.2  (Hughes  and  Piper,  [15]) 

All  of  the  above  are  subgroups  ofG,  for  all  choices  of  A,B,a  and  1. 

Further,  G^a,a)  ^ G^a)  and  G(a,a)  ^ G(a)  • 
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Theorem  1.5.1  (Andre) (Hughes  and  Piper,  [15]) 

Let  II  be  a finite  projective  plane,  and  let  G be  any  collineation  group  of  H.  If, 
for  any  line  I,  7i  is  the  set  of  points  A E.  V\{1)  such  that  G(a,i)  ^ then  H is  a 
point  orbit  under  . 

Corollary  1.5.1  (Hughes  and  Piper  [15]) 

Let  H be  a finite  projective  plane  and  let  a,fi  be  two  nontrivial  homologies  with 
distinct  centers  A,  B and  the  same  axis  1.  Then  < a,/3  > contains  an  elation  mapping 
A onto  B. 

Lemma  1.5.3  [18] 

Suppose  a,  j3  are  nontrivial  perspectivities.  Then  afi  is  a generalized  homology  or 
elation  or  a triangular  collineation  when  afi  ^ 1. 

Further,  if  a is  an  (A,  a)-perspectivity  and  a {B,b)-perspectivity,  then  afi  is  a 
generalized  (a  fl  b,  AB)-perspectivity. 

Lemma  1.5.1  1)  If  a is  an  involutory  (A,a)-homology  ofU.  and  /?  a (B,b)-homology 
o/n  such  that  a and  commute,  then  either  (>l,  a)  = {B,b)  or  A £ b,  B £ a. 

2)  Two  commuting  elations  of  II  have  the  same  axis  and/or  the  same  center. 

Lemma  1.5.5  (Bering  [9]) 

A perspectivity  leaving  invariant  a subplane  has  its  center  and  axis  belonging  to 
this  subplane. 

One  of  the  techniques  frequently  used  in  the  remaining  chapters  will  involve  fixed 
structures  of  groups  and  their  normalizers.  Namely,  the  normalizer  of  a group  H acts 
on  Fix{H).  The  relationship  between  H and  Na{H)  can  also  determine  Fix{H),  as 


seen  from  the  following  lemma. 
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Lemma  1.5.6  (Hering  [9]) 

If  H acts  on  a projective  plane  II  such  that  Fix{H)  is  empty,  then  for  any  N<  H , 
Fix{N)  is  either  empty,  a triangle,  or  a (not  necessarily  proper)  subplane. 

In  the  remaiining  text  (chapters  2 and  3)  it  will  be  proved  that  the  order  of  a 
projective  plane  which  admits  PSL{3,q)  as  a totally  irregular  collineation  group 
with  a perspectivity  is  either  q,  q^  or  q^.  We  would  like  to  classify  those  planes.  The 
following  is  known: 

Theorem  1.5.2  (Dembovski  [4]) 

Let  n 6e  a projective  plane  of  order  q.  If  PSL{Z,q)  acts  on  II,  then  II  = PG{2,q). 

Theorem  1.5.3  (Unkelbach,  Dembowski,  Liineberg  [4]) 

If  PS L{3,q)  < Aut{H),  where  II  is  a projective  plane  of  order  q^  then  II  is  either 
Desarguesian  or  generalized  Hughes  plane. 

Conversely,  any  Desarguesian  or  generalized  Hughes  plane  of  order  q^ , save  the 
exceptional  Hughes  plane  of  order  1} , admits  PSL{3,q)  as  a faithful  collineation 


group. 


CHAPTER  2 
ON  ELEMENTS  OF  G 


We  are  investigating  the  action  of  G = PSL{^,q),  g = p"*  p an  odd  prime,  where 
G is  totally  irregular  collineation  group  which  contains  a nontrivial  perspectivity. 
Since  G is  either  strongly  irreducible  or  not,  we  have  accordingly  two  cases.  The 
case  when  G is  strongly  irreducible  is  solved  by  Bering  and  Walker  [7]  , so  in  the 
remaining  text  we  will  consider  G to  be  not  strongly  irreducible. 

Therefore  we  are  cissuming  the  following  situation:  group  G = PSL{3,q),  q odd, 
acts  (faithfully)  on  a finite  projective  plane  H with  the  additional  properties  that  G 
is  totally  irregular,  G is  not  strongly  irreducible  and  G contains  a nontrivial  perspec- 
tivity . In  the  rest  of  the  text,  when  we  talk  about  the  action  of  G on  H,  we  will 
always  consider  what  we  have  just  described,  unless  stated  otherwise. 

In  this  chapter  we  will  see  that  the  above  conditions  imply  that  G contains  an 
involutory  perspectivity,  and  this  will  be  helpful  in  describing  the  sets  of  fixed  points 
of  elements  whose  orders  divide  9, 9 — 1 or  q -f  1.  We  will  show  that  none  of  these 
elements  can  be  planar,  which  will  give  us  a hold  on  the  plane  H.  One  of  the  crucial 
steps  will  be  proving  the  existence  of  a Desarguesian  subplane  PG{2,q)  inside  H, 
which  makes  it  possible  to  consider  the  classic  action  of  PSL{3,q)  on  PG{2,q),  and 
somewhat  controls  the  action  outside  PG{2,q). 

2.1  Involution  is  a perspectivity 

In  this  section  we  will  prove  that  an  involution  in  G is  a perspectivity.  In  the 
proof  we  shall  consider  various  types  of  elements  inside  G = PSL{3,  q),  starting  with 
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elements  in  G which  are  not  perspectivities  when  acting  on  PG{2,q).  Our  approach 
throughout  the  whole  section  will  be  to  use  the  properties  of  action  of  PSL{3,q)  on 
PG(2,q)  to  find  out  the  relationships  among  the  elements  in  G,  and  then  we  will 
interpret  them  in  light  of  their  action  on  II. 

We  will  first  show  that  in  some  cases  there  is  an  G-invariant  Desarguesicin  subplane 
of  order  q embedded  in  II. 

But  before  that  we  shall  mention  the  following  lemma  (this  is  a more  general 
result  because  the  conditions  we  need  in  the  next  lemma  is  only  the  existence  of  a 
perspectivity  and  total  irregularity) 

Lemma  2.1.1  If  a simple  group  H acts  on  II  such  that  H contains  a nontrivial  per- 
spectivity, then  H can  not  fix  neither  an  axis  nor  a center  of  a perspectivity. 

Proof: 

Let  a be  aji  axis  of  a perspectivity,  and  C its  center.  Define  H^a)  fo  be  the  group  of 
all  the  perspectivities  with  axis  a,  and  H^c)  to  be  the  group  of  all  the  perspectivities 
with  center  C.  By  our  assumption  both  are  nonempty. 

Assume  that  H fixes  axis  a. 

Then  H^a)  ^ H together  with  H simple  implies  H(a)  = H,  thus  every  element  in 
H is  a,  perspectivity  with  axis  a. 

Since  H is  totaly  irregular,  every  remaining  point  of  the  plane  is  a center  of  a 
homology.  We  will  define  the  group  of  till  elations  with  axis  a 

^(a,a)  — U ^(A,a) 

Ala 

where  is  the  group  of  elations  with  center  A and  axis  a.  Since  /f(a,a)^  ^(a)  = H, 

we  have  H^a,a)  = H,  or  if(a,a)  = 1- 

If  H(a,a)  is  not  trivial,  it  follows  H(a^a)  = G,  which  means  that  every  point  outside 
of  a has  a trivial  stabilizer,  contrary  to  the  assumption. 
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If  /f(o,a)  = Ij  then  all  the  perspectivities  in  H axe  homologies.  If  they  all  have  the 
same  center,  then  we  have  a contradiction  again  because  of  the  trivial  stabilizers.  If 
there  are  two  perspectivities  with  different  centers,  then  by  Andre’s  theorem  1.4.1, 
there  is  a nontrivial  elation  in  H,  contrary  to  the  assumption. 

If  H fixes  the  center  C of  a perspectivity,  we  can  use  a similar  argument. 

□ 


Theorem  2.1.1  IfG  acts  onU  as  a totally  irregular,  not  strongly  irreducible  collineation 
group  containing  a nontrivial  perspectivity,  which  is  either  an  involution  or  is  conju- 
gate to 


^ a 0 
0 a 


0 \ 


0 


,aeGF{qy 


\ 0 0 a ^ ) 

then  there  is  a G-invariant  subplane  isomorphic  to  PG{2,q)  embedded  in  II. 


Proof: 

We  first  assume  that  an  involution  is  a perspectivity.  Let  us  choose  involutions 
i=diag(-l,-l,l),  and  ;=diag(l,-l,-l).  It  is  easy  to  check  that  centralizers  Coii)  and 
Caij)  generate  the  whole  group  G.  Also  note  that  (7g(*)  leaves  invariant  the  center 
and  the  axis  of  i,  say  Ci  and  a,-  respectively,  and  that  Ca{j)  leaves  invariant  the 
center  and  the  axis  of  j,  say  Cj  and  aj  respectively. 

We  will  prove  next  that  G can  not  fix  a point,  a line  nor  a triangle. 

Fact  1:  G does  not  fix  a point  in  II. 

Suppose  it  does,  say  that  point  is  P.  First  note  that  Ci  and  Cj  are  two  different 
points,  otherwise  Cg{1)  3'Hd  Cg{J)  would  fix  the  same  point  Ci  = Cj,  which  would 
yield  that  the  whole  group  G fixes  a center  of  a perspectivity.  But  this  would  be 
impossible  by  lemma  2.1.1.  By  the  same  argument  we  conclude  a,-  / aj.  We  can 
create  a new  involution  k,  k = ij,  whose  center  and  axis  are  Ck  and  ajt,  respectively. 
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Note  that  Cjt  = Oi  fl  aj.  Since  P is  fixed  by  both  i and  P = H Oj  = C*.  But  now 
G fixes  a center  of  a perspectivity  which  is  impossible. 

Fact  2:  G does  not  fix  a line  in  II. 

Suppose  it  fixes  a line  1.  As  before,  centers  of  i and  j axe  different,  and  the  same 
is  true  for  their  axes.  We  can  create  a new  involution  k in  the  same  way  as  above. 
The  line  I passes  through  centers  C.  and  Cj,  but  then  I is  a^,  which  is  impossible  by 
lemma  2.1.1. 

Fact  3:  G does  not  fix  a triangle. 

Suppose  G leaves  invariant  a triangle  {A,B,C}.  Say  A'  is  a kernel  of  action  of 
G on  the  triangle.  Since  K G and  G is  simple,  K can  be  only  G or  trivial.  If 
K = G,then  G fixes  a point,  which  is  impossible.  If  A'  = 1,  then  Gj K < S3 
( symmetric  group  on  three  letters)  which  contradicts  the  order  of  G. 

Knowing  all  these,  and  knowing  that  G is  not  strongly  irreducible  on  II,  we 
conclude  G must  fix  a subplane.  Let  us  take  the  smallest  (r-invariant  subplane,  say 
fl.  Then  G acts  strongly  irreducibly  on  fl,  so  by  Bering’s  result  (theorem  1.3.1)  Cl  is 
PG{2,q). 

We  now  assume  that  the  perspectivity  is  an  element  a which  is  conjugate  to 

/ a 0 0 \ 

0 a 0 

V 0 0 0-2/ 

We  can  find  a coordinate  system  such  that  a is  the  above  matrix.  We  also  define 
an  element  ai  as  the  matrix 


/ 

a 2 

0 

0 \ 

0 

a 

0 

\ 

0 

0 

a j 

in  the  same  coordinate  system  as  a,  where  a E GF(q)*. 

Both  a and  ai  are  perspectivities.  Since  Ca(o!)  = Caii)  and  C'a(ai)  = Ca{j)  ,we 


can  use  the  same  argument  as  above. 
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□ 


Lemma  2.1.2  Let  a in  G be  an  element  which  is  conjugate  neither  to 


/ 1 

1 

0\ 

^ a 

0 

0 \ 

0 

1 

0 

nor 

0 

a 

0 

\o 

0 

ij 

0 

a 2 ) 

for  any  a € GF{q)*.  Then, 

(i)  When  q is  odd,  there  exists  an  involution  r such  that  [<7,  r]  is  an  involution, 
(a)  When  q is  even,  and  a is  not  an  element  of  an  S-group,  there  exists  an 
involution  r such  that  [cr,  r]  is  an  involution. 


Proof: 

Every  element  of  PSL(3,q)  can  be  regarded  as  acting  on  PG{2,q).  ( This  is  the 
classic  action  which  is  not  related  to  our  plane  II  at  the  moment).  We  will  distinguish 
two  cases;  when  q is  odd  and  when  q is  even. 

(i)  Assume  q is  odd. 

Because  of  the  assumption  on  a we  know  that  o’  is  an  element  which  is  neither 
conjugate  to 


/ 

a 

0 

0 

f 1 

1 

0 

a 

0 

nor 

0 

1 

0 

\ 

0 

0 

a-2 

0 

1/ 

for  some  a 6 GF{q)*. 

Since  (7  is  not  a perspectivity,  we  can  find  a point  X G PG{2,q)  such  that 
are  not  collinear,  so  they  form  a triangle.  Since  we  are  in  PG{2,q)  there 
exists  an  involution  t whose  axis  and  center  are  XX^^  and  X'^ , respectively.  Then 
is  a homology  whose  center  is  X^^  and  whose  axis  is  a line  X^Y  for  some  point  Y on 
XX"^  different  from  X^ . Now  there  is  a triangle  X‘' , X'^^  and  Y.  If  we  identify  X =< 
(1,0,0)  >,X"  =<  (0,0,1)  > andX''"  =<  (0,1,0)  >,then  {(1,0,0),  (0,1,0),  (0,0,1)} 
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is  the  basis  in  which  r is  diagonal,  and  t = diag{—\,  —1, 1).  To  get  the  matrix  rep- 
resentation of  t”  in  the  same  basis,  recall  that  A'''*  and  are  fixed  by  t”  and  so  is 
the  line  . This  yields 


/ a b 0 


T 


0 c 0 I € Cg{t ) 


\ 0 0 d / 

Since  both  r and  r*'  are  commuting  involutions,  r'^r  is  again  an  involution  hence 
[(T,  t]  = — T^T  is  an  involution. 

(ii)  Assume  q is  even. 

As  in  the  case  1,  a acts  on  PG{2,q).  In  this  situation  elations  are  involutions  and 
homologies  are  elements  whose  order  divide  ? — 1.  As  in  the  case  1,  there  are  three 
noncollinear  points,  namely  X,  X” , and  X'^  . 

Suppose  (T  is  not  an  element  of  a cyclic  S-  group.  Then  <7  fixes  at  least  one  point 
in  PG{2,q),  say  Z. 

By  the  definition  of  Z,  Z ^ {X,  X‘' , X''  }. Suppose  Z G XX‘^.  Then  Z = E 
{XX‘'Y  = Hence  Z € XX''  D X"X"'‘  = {X"},  contrary  to  the  choice  of  Z. 

Therefore  Z ^ XX" . 

We  can  make  the  following  identification:  X =<  (0,0,1)  >,X"  =<  (0,1,0)  > 
and  Y =<  (1,0,0)  >.  Let  r be  an  involution  with  axis  XZ  and  center  Z.  In  the 
basis  {(1,0, 0),  (0, 1,0, ), (0, 0, 1)}  r is  represented  as 


But  now 


T“  = 


tt"  — 


( 1 

0 

0 

1 

1 

0 

lo 

0 

1 

the 

axis  ZX 

/ 1 

0 

0 

1 

0 

5 

V o 

0 

1/ 

/ 1 

0 

0 ' 

1 

1 

0 

1 

^ a 

0 

1 

/ 
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which  is  an  involution. 


Next  we  will  consider  elements  of  the  type 

/ a 0 0 \ 

0 a 0 
^00  / 

for  some  a G GF{q)*. 


□ 


Lemma  2.1.3  Let  G act  on  II  as  a totally  irregular,  not  strongly  irreducible  collineation 

group  which  has  a nontrivial  perspectivity.  If  any  perspectivity  in  G is  conjugate  to 

/ X 0 0 \ 

0x0 

0 0 x“^  j 

for  some  x G GF{q)*,  then  there  exists  an  involutory  perspectivity. 


Proof: 

If  the  given  perspectivity,  say  a,  is  an  involution,  then  we  are  done.  Therefore  we 
may  assume  that  the  order  of  a is  an  odd  prime  and  involutions  are  planar.  Let  a 
and  C be  the  axis  and  the  center  of  a.  By  the  hypothesis  a is 

^ X 0 0 ^ 

0x0 

0 0 x"^  y 


Note  that 


/ 


Ca{a)  = 


u y 
V z 


0 

0 


]u,y,v,z  e GF{q)  and  {uz  — yv)  ^ 0 


0 0 {uz  — yv)  ^ 

Also  note  that  since  Caiot)  fixes  a,  Ga  > Gg(o:). 


We  will  first  show  that  Ga  is  strictly  greater  than  (7g(q:).  By  way  of  contradiction 


assume  that  Ga  = Coiot)- 
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Note  that  Cq{ol)  fixes  the  center  C as  well. 

In  Cg{oc)  there  are  at  least  q{q+  1)  + 1 perspectivities  conjugate  to  a in  group  G 
( tahe  a\  = diag{a~^,a,a),  there  are  q{q  + 1)  elements  conjugate  to  qi  in  Cg{oi)  » 
GL{2,q)fV,  where  V denotes  scalar  matrices  in  GL{2,q)  such  that  \D\  = (3,  g — 1). 

Let  ^ be  one  of  those  q{q  +1)  elements  different  from  a.  Then  ^ = aP  where 
9 ^ Cg{ol)-  Note  is  a perspectivity  with  axis  and  center  C®.  Since  Ga  = Cg{oi) 
and  g ^ CG{ot),  it  follows  is  different  from  a.  But  as  /3  fixes  a,  a must  contain  C^, 
the  center  of  ^ , and  as  ^ fixes  C,  C must  lie  on  a®. 

Therefore  any  of  9(9+!)  elements  conjugate  to  a in  CG{ct)  is  a perspectivity  whose 
axis  passes  through  C.  All  those  lines  are  different,  for  if  we  take  different  and  a* 
from  the  above  set  of  conjugates,  and  suppose  that  = a^,  where  9ih  ^ Cg{oi)  = Ga, 
we  get  a®*  ' = a,  so  gh~^  £ Ga  = Cg(Q!),  and  thus  = a^,  which  is  a contradiction. 

Our  assumption  that  a is  a perspectivity  enables  us  to  use  Theorem  2.1.1  , so 
there  exists  a Desarguesian  subplane  , say  fl,  in  II.  Since  all  of  q{q  + 1)  mentioned 
conjugates  of  a are  perspectivities  leaving  invariant,  their  axes  and  centers  belong 
to  17  by  lemma  1.5.5.  Since  D is  a plane  of  order  q,  there  are  only  9 + 1 lines  of  17 
through  C.  But  we  have  that  q{q  + 1)  different  lines  of  17  go  through  C,  which  is  a 
contradiction. 

This  contradiction  proves  that  Ga  is  strictly  bigger  then  CcCa). 

We  will  consider  all  elements  in  Ga  which  are  perspectivities  with  axis  a.  They 
form  a nontrivial  subgroup  G(a),  which  is  normal  in  Ga-  Using  the  list  of  maximal 
subgroups  of  FSL(3,  q)  given  in  a paper  by  Mitchel  [17]  , we  have  that  Ga  < PiCg{oi) 
where 


r 

( 1 

0 

0 \ 

Pi  = 

0 

1 

0 

]U,V  e GF{q) 

1 

1 w 

V 

1 J 

> 
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Therefore  Go  containes  a p-element  A.  Say  A is 


A = 


/ 1 0 0 \ 
0 10 
V / 0 1 / 


for  some  I € GF{q)*.  Since  \ £ Ga,  now  a £ G{a)  and  € G(a)  give 

/ 1 0 0 \ 

a-^a^=  0 10  £G{a) 

0 1/ 


Since  a is  not  the  identity  we  have  ^ l,and  therefore  a is  a perspectivity  of 
order  p,  contrary  to  our  assumption. 


The  same  argument  works  if 


A = 


The  next  lemma  is  a generalization  of  a Bering’s  result  [9].  Note  that  in  this  proof 
the  only  assumption  about  the  action  of  G on  II  is  that  it  contains  a perspectivity. 


Lemma  2.1. A Let  G act  on  II.  If  an  element  conjugate  to 


a = 


^1x0 

0 1 0 I x£GF{q)* 
^001 


is  a perspectivity,  then  there  exists  an  involutory  perspectivity. 


Proof: 

If  a is  a perspectivity  as  above,  we  can  find  a copy  of  SL{2,p),  say  H,  in  G which 
containes  a ( take  a group  where  i = diag{—\,  —1, 1)  ).  Let  a be  the  axis  and 
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A the  center  of  a.  We  know  from  group  theory  that  a together  with  a®  from  another 
Sylow  p-subgroup  of  H generate  H. 

Suppose  i is  planar.  Let  be  the  Baier  subplane  consisting  of  all  fixed  points  of 
i.  Note  that  i € H. 

If  a is  invariant  under  H,  then  is  again  a perspectivity  with  axis  a,  so  we  get 
< ><  if(a),  where  H^a)  is  a group  of  all  the  perspectivities  in  H whose  axis  is  a. 

On  the  other  hand,  by  the  group  theory  faet  from  above  , H =<  > and  therefore 

H = H(a)-  This  yields  that  i is  a perspectivity,  which  is  a contradiction. 

Hence  a or  any  axis  of  a p-element  in  H is  not  invariant  under  H.  Similarily  we 
may  assume  that  any  center  of  a p-element  in  H is  not  invariant  under  H . Let  < ^ > 
be  a Sylow  p-subgroup  of  H different  from  < a >.  Note  /3  is  again  a perspectivity. 
Let  its  axis  be  b and  its  center  be  B.  Also  < /3,  a >=  H.  Since  a and  b (resp.  A 
and  B)  are  not  invariant  under  H,  we  have  B ^ A,  b ^ a,  B ^ a,  A ^ b and  a ^ AB. 
Since  i e Z{H)  (the  center  of  H),  every  g e H has  the  property  that  g*  = g.  In 
particular  a*  = a and  This  implies  that  a’  = a.  A*  = A,  b'  = b,B'  = B, 

which  means  a,b,A,B  G H.  As  a,/9  G Ca{i),  they  act  on  fl,  so  H is  invariant  under 
H.  We  can  choose  a point  X so  that  X G ((a  fl  H)  \ (a  fl  6,  a fl  AB)). 

Let  Bk  = and  bk  = As  B is  not  fixed  by  a^,  k G {1,  ...,p},  no  two  points 
(resp.  lines)  among  Bk  (resp.  bk),  k G {1,  •••>p}  are  the  same.  Note  that  all  the  points 
Bk  lie  on  AB,  and  all  the  lines  bk  pass  through  aC\b.  Sets  have  at  least  p 

points  since  G H(bm  = P-  every  k G {!,..., p}.  Let 

Because  of  the  choice  oi  X,  X ^bk  and  X ^ Bk,  we  conclude  X^''  ^ X is 

on  XBk- 

Note  that  any  two  different  sets  of  orbits  of  X intersect  only  in  X,  as  lines  XB^ 


and  XBv  are  different. 
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Now  has  at  least  p{p  — 1)  + 1 points  as  \H\  = p{p  + l)(p  — 1),  which  implies 
that  the  stabilizer  Hx  has  less  then  p + 1 elements.  Since  X is  fixed  by  both  i and 
a,  Hx  should  have  at  least  2p  elements,  a contradiction.  This  contradiction  proves 
that  i can  not  be  planar,  hence  it  is  a perspectivity. 

□ 

Now  we  are  ready  to  prove  the  following  fact: 

Theorem  2.1.2  If  a group  G = PSL{3,  q),  q odd,  acts  on  a projective  plane  II  as  a 
totally  irregular  collineation  group  which  has  a nontrivial  perspectivity,  then  every 
involution  in  G is  a perspectivity. 

Proof: 

If  G is  strongly  irreducible,by  theorem  1.3.1  II  = PG{2,  q)  and  consequently  every 
involution  is  a perspectivity. 

Assume  G is  not  strongly  irreducible.  Let  tr  be  a perspectivity.  If  a is  not  a 
perspectivity  under  the  action  of  G on  PG{2,q),  then  by  lemma  2.1.2.  there  is  an 
involution  r such  that  [c,  r]  = is  an  involution.  Since  it  is  a product  of  two 

perspectivities,  it  is  itself  a perspectivity. 

If  a is  of  order  p and  of  type  Ty2  (see  lemma  1.4.1)  then  by  lemma  2.1.4.  an 
involution  is  a perspectivity. 

The  only  remaining  case  is  when  cr  is  conjugate  to  an  element 

/ X 0 0 \ 

0 a:  0 

0 0 j 

for  some  x € GF{q)*,  and  there  are  no  perspectivities  of  other  types.  Now  by  lemma 
2.1.3  there  exists  an  involutory  perspectivity. 

□ 

A consequence  of  the  above  theorem  and  theorem  2.1.1  is  the  following 
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Lemma  2.1.5  IfG  acts  onYi  as  a totally  irregular,  not  strongly  irreducible  collineation 
group  which  has  a nontrivial  perspectivity,  then  there  is  a G-invariant  Desarguesian 
subplane  of  order  q in  II. 

2.2  Elements  whose  orders  divide  o.  q + 1.  or  <jr  — 1 are  generalized  perspectivities 

The  fact  that  there  is  a Desarguesian  subplane  of  order  q inside  II  help  us  con- 
siderably in  our  effort  to  describe  how  G acts  on  II.  Knowing  how  PSL{3,q)  acts  on 
PG{2,q),  we  are  able  to  control  what  happens  outside  the  Desarguesian  subplane,  at 
least  to  some  extent.  In  this  section  we  will  consider  elements  whose  order  divides 
q,q  1,  or  q — 1,  and  we  will  prove  that  they  are  generalized  perspectivities. 

Let  fl  denote  the  G-invariant  Desarguesian  subplane  of  order  q of  II,  and  Co  be 
the  set  oi  q^  + q + 1 lines  of  II  which  are  lines  of  D.  We  will  keep  these  notation  in 
the  rest  of  this  article. 

We  start  with  elements  whose  orders  divide  q 1 or  q.  We  will  prove  that  they 
are  generalized  perspectivities.  Then  we  move  to  elements  whose  orders  divide  q — 1 
and  prove  the  same  thing  for  them. 

Lemma  2.2.1  Every  element  of  order  dividing  q orq+l  is  inverted  by  an  involution, 
and  hence  is  a generalized  perspectivity. 


Proof: 


Let  a be  an  element  whose  order  divides  9 -|-  !•  By  a proper  choice  of  basis,  a can 


be  represented  as 


c d 0 I where  ad  — be  = 1 

0 0 1/ 


Solving  the  matrix  equation  ai  = ia  ^ for  an  involution  i,  we  get  that 


M {d  — a)/c  0 ^ 


i = 0 -1  0 

Vo  0 1 ) 
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Note  that  i is  always  well  defined  because  c ^ 0.  (Otherwise  by  Maschke’s  theorem 
a would  be  diagonizable  and  therefore  the  order  of  a would  divide  q — 1,  which  is 
feasible  only  if  a is  an  involution,  as  |a|  divides  ? — 1 and  9 + 1.  Now  we  are  done 
since  an  involution  is  a perspectivity  by  theorem  2.1.2.)  It  is  easy  to  check  that  i is 
really  an  involution,  thus  a is  inverted  by  an  involution  which  is  itself  a perspectivity, 
so  a is  a generalized  perspectivity. 

Let  /3  be  an  element  of  order  p.  There  are  two  cases  we  have  to  consider;  namely 
when  P is  conjugate  to 


/ 

1 

1 

0 \ 

( 1 

1 

0 \ 

0 

1 

1 

or  0 

1 

0 

V 

0 

0 

1 

\o 

0 

1 / 

In  both  cases  /3  is  inverted  by  an  involution;  namely 


/ 

1 

1 

0 

( 

1 

0 

0 

-1 

0 

or 

0 

-1 

0 

V 

0 

0 

1 

\ 

0 

0 

-ly 

so  is  a generalized  perspectivity. 


, respectively. 


□ 


But  we  can  say  even  more  for  elements  that  act  as  elations  on  fl.  They  axe  elations 
on  n as  well. 


Lemma  2.2.2  Let  group  G = PSL{3,q),  q odd,  act  on  a projective  plane  II  as  a 

totally  irregular,  not  strongly  irreducible  collineation  group  which  has  a nontrivial 

perspectivity.  Then  an  element  of  G conjugate  to 

/ 1 1 0 \ 

0 10 
Vo  0 1) 

it  an  elation  ofU. 


Proof: 
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Let  a be  such  an  element.  It  is  elation  on  fl.  Let  a be  the  axis  of  a,  so  a G 
Since  G is  transitive  on  the  lines  of  f),  by  theorem  2.1.2  there  is  an  involution  i whose 
axis  is  a.  Since  i is  a perspectivity,  i G G(a)  ^ Ga-  With  the  suitable  choice  of  basis, 
Ga  can  be  represented  as  a subgroup  of  PiCG{i)  (as  in  lemma  2.1.2)  where  i now  has 
the  form  diag{—l,  —1, 1).  TaJse 


/ = 


/ 1 0 0 \ 
0 10 
Vo  1 l) 


and  form  UK  This  product  is  again  an  element  of  order  p,  and  it  happens  to  be  equal 
to  P.  Since  both  i and  i'  belong  to  G{a),  we  have  P G G{a),  so  it  is  a perspectivity 

on  n. 


□ 


Next  we  turn  our  attention  to  elements  whose  order  divides  q — 1.  Let  us  mention 
again  that  those  elements  are  diagonalizable  over  GF{q),  so  they  are  conjugate  to 
diag{x,x,x~'^)  or  diag{a,b,ab~^),  where  x,a,b£  GF{q)*. 

We  are  going  to  consider  elements  which  axe  conjugate  to  diag{a,  6,  ab~^),  a ^ b.. 
In  fl,  those  elements  fix  only  3 non-collinear  points.  We  will  call  them  t-elements. 

First  we  will  state  and  prove  a simple  result  for  a special  class  of  these  elements. 
We  will  assume  that  the  multiplicative  subgroup  of  GF{q)  is  generated  by  a,  i.e. 
GF{q)*  =<  a >. 


Lemma  2.2.3  Let  a group  G = PSL{3,q),  q odd,  act  on  a projective  plane  II  con- 
taining an  involutory  perspectivity. 

Then  an  element  conjugate  to 

/ 1 0 0 \ 

0 o’  0 

0 0 a“'  y 


is  a generalized  perspectivity. 
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Proof: 

The  above  element  can  be  represented  as  a product  of  two  involutions  in  PSL{3,  q) 
in  the  following  way: 


/ 1 

0 

( 

-1 

0 

0 \ 

( 

-1 

0 

0 

0 

a’ 

0 = 

0 

0 

0 

0 

1 

Vo 

0 

a • ) 

\ 

0 

a-' 

0 ) 

\ 

0 

1 

0 

As  a product  of  two  perspectivities,  it  is  a generalized  perspectivity. 

□ 

Lemma  2.2. i Let  H be  a group  acting  on  a finite  projective  plane  II.  Let  £ H be 
commuting  generalized  perspectivities  of  different  order.  If  all  nontrivial  powers  of  a 
(resp.  fi)  are  again  generalized  perspectivities,  then  every  nontrivial  power  of  y = ocfi 
is  a generalized  perspectivity. 

Proof: 

By  way  of  contradiction  suppose  7 is  planax.  Then  Fix{^)  is  a subplane.  If 
B e P(7)  and  B € V(a)  then  B^  = B^<^  = W = B,  i.e.  B € V{/3).  Since  a 
and  commute  we  conclude  ^(7)  fl  'P(q')  = V{'y)  Pi  Let  iq  be  a minimal 

positive  integer  i such  that  is  identity  on  Fix{^).  Since  7 is  planar  and  every 
nontrivial  power  of  ^ is  a generalized  perspectivity,  it  follows  that  io  = \fi\.  Let 
A € '^(7)-  Then  = A,  so  a’°  is  planar.  As  every  nontrivial 

power  of  a is  a generalized  perspectivity,  io  is  a multiple  of  a.  On  the  other  hand, 

= A so  |a|  > io.  This  implies  |a|  = \fi\,  a contradiction. 
This  proves  that  7 is  a generalized  perspectivity. 

Since  7'  = and  a*  and  are  elements  of  different  order  such  that  all  their 
nontrivial  powers  axe  generalized  perspectivities,  the  same  argument  as  above  works 
for  7*,  where  t € {1, ...,  I7I  — !}• 

□ 
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Lemma  2.2.5  Let  a group  G = PSL{3,q),  q odd,  act  on  a projective  plane  II  con- 
taining an  involutory  perspectivity. 

Than  an  element  conjugate  to 

/ a=^  0 0 \ 

0 a"  0 ,x,y  € 2} 

V 0 0 a-^-y  ) 

is  a generalized  perspectivity. 


Proof: 

It  is  enough  to  prove  the  lemma  for  any  prime  order  element  which  is  of  the  above 
type  . Say  7 is  such  an  element  of  prime  order  r,  and 


0 0 
7 = I 0 OS'  0 

0 0 a-^-^ 


\ 

( 

0 

0 

1 

0 

/ 

\ 

0 

0 

/ 

,x,y  e 1} 

Note  that  we  can  represent  7 as  a product  of  two  t-elements  a and  i.e. 

0 0 \ / 1 0 0 

0 aJ'  0 = 0 a*'  0 

0 0 o-^-"  ) V 0 0 a-* 

The  order  of  a is  equal  to  the  order  of  a®'  and  the  order  of  /3  is  equal  to  the  order 
of  a®. 

If  these  two  orders  axe  different,  we  can  use  lemmas  2.2.3  and  2.2.4  to  conclude 
that  7 is  not  planar. 

Suppose  that  the  orders  of  a^  and  a^  are  the  same. 

Since  all  the  elements  in  the  cyclic  group  generated  by  7 have  the  same  set  of 
fixed  points,  without  loss  of  generality  we  can  take  7 such  that  x = {q  — l)/r.  This 
implies  y = tx,  for  some  t € {1, r — 1},  axid  we  have 


7 = 


/ 0 0 

0 0 

^ 0 0 
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There  are  two  cases  to  be  considered. 
Case  1:  r does  not  divide  x. 

We  factor  7 = a/3  as  follows 


/ 

a® 

0 

0 

( 

o' 

0 

0 ^ 

f 

a®-’’ 

0 

0 

0 

0 

1 

0 

0 

0 

\ 

0 

0 

Q-x-tx 

\ 

0 

0 

} 

\ 

0 

0 

^r-x-tx  j 

The  order  of  a is  x = (9  — l)/r.  Since  r does  not  divide  x,  by  the  choice  of  x 
(note  — 1 = xr  ) it  follows  that  the  greatest  common  divisor  of  9 — 1 and  x — r is 
1.  This  implies  = q — 1,  and  hence  the  order  of  /3  is  ^ — 1. 

We  factorize  ^ in  the  following  way 


/ 

a*-’’ 

0 

0 ^ 

( 

0 

0 

0 

0 

\ = 

0 

1 

0 

\ 

0 

0 

Q-tx-r+x  j 

1 

0 

0 

1 0 0 

0 0 
0 0 

Both  factor  matrices  of  /?  have  the  property  that  all  their  nontrivial  powers  are 
generalized  perspectivities  by  lemma  2.2.3.  If  we  look  at  we  see  that  the  orders 
|a^|  and  are  different,  so  by  lemma  2.2.4.  every  nontrivial  power  of  ^ is  a gener- 

alized perspectivity.  Since  every  nontrivial  power  of  a is  a generalized  perspectivity 
by  lemma  2.2.3  we  apply  2.2.4  one  more  time  to  conclude  that  7 is  a generalized 
perspectivity. 

Case  2:  r divides  x. 

We  factor  7 = a^,  as  follows 


/ 

0 

0 \ 

( 

r>-+l 

a 

0 

0 \ 

f 

x-r’'+> 

0 

0 \ 

0 

a‘^ 

0 

0 

1 

0 

0 

0 

V 

0 

0 

J 

\ 

0 

0 

a ) 

\ 

0 

0 

^r’-+‘-x-tx  J 

where  x = r^’z  and  r does  not  divide  z (note  q — 1 = Then  the  order 

of  a is  z,  and  the  order  of  /?  is  again  the  least  common  multiple  of  | and 
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= |a*|  = r.  We  have  | = = {q  — l)/r'^  = rz.  Now  the  order  of 

13  is  the  least  common  multiple  of  rz  and  r,  which  is  rz. 

Assume  z ^ 1.  By  lemma  2.2.3  a and  all  its  nontrivial  powers  are  generalized 
perspectivities.  Spealcing  about  ^ we  know  that  the  orders  and  |a*^|  are  rz 

and  r respectively,  so  as  ^ ^ 1,  they  are  different.  With  the  following  factorization 
of  lemmas  2.2.3  and  2.2.4  give  that  ^ and  all  its  nontrivial  powers  are  generalized 
perspectivities. 


/ 

x-r’'+* 

a® 

0 

0 > 

0 

0 

( 1 

0 

0 

0 

= 

0 

1 

0 

0 

a^^ 

0 

\ 

0 

0 

a-tx-r^+^+x  ^ 

1 0 

0 

) 

0 

0-*^  ) 

Note  a and  ^ and  all  their  nontrivial  powers  are  generalized  perspectivities  of 
different  orders.  Since  |o:|  ^ \j3\,  by  lemma  2.2.4  7 is  a generalized  perspectivity. 

If  2:  = 1,  then  q — \=r'^.  Since  q — 1 is  even,  r = 2,  and  an  element  7 of  prime 
order  r is  an  involution  which  we  have  already  proved  to  be  a perspectivity. 

□ 

We  summarize  these  results  in  the  following  theorem. 

Theorem  2.2.1  If  G = PSL{Z,q),  q odd,  acts  on  a projective  plane  II  as  a totally 
irregular  collineation  group  which  has  a nontrivial  perspectivity,  then  the  following  is 
true: 

(i)  Elements  of  order  dividing  9 + 1 or  q — 1 are  generalized  perspectivities. 

(ii)  Involutions  are  homologies. 

(Hi)  Elements  of  order  p conjugate  to 


are  generalized  perspectivities. 


1 1 0 
0 1 1 
0 0 1 
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(iv)  Elements  of  order  p which  are  conjugate  to 

/ 1 1 0 \ 

0 1 0 

Vo  0 ij 

are  elations. 

The  fixed  points  of  all  the  elements  described  above  lie  on  the  lines  of  Cq  . 

Proof: 

If  G is  strongly  irreducible  then  II  is  Desarguesian  of  order  q,  and  all  the  state- 
ments of  the  theorem  are  true.  If  G is  not  strongly  irreducible,  then  the  proof  follows 
from  2.2.1,  2.2.2  and  2.2.5. 


CHAPTER  3 

THE  TYPE  OF  THE  PLANE  H 
3.1  On  fixed  sets  of  S-groups 

We  have  seen  in  the  previous  section  that  if  PSL{3,q)  = G < Aut(H)  is  totally 
irregular  collineation  group  containing  a nontrivial  perspectivity  then  elements  of 
order  dividing  ^ — 1 or  ^ + 1 are  generalized  perspectivities  (see  theorem  2.2.1).  In 
this  chapter  we  investigate  elements  of  order  dividing  {q^  + q + l)/{S,q  — 1).  Group 
PSL{3,q)  contains  a majcimal  subgroup  of  order  3(?^  + 9 + l)/(3,9  — 1)  [17].  By 
S-group  we  denote  the  maximal  cyclic  subgroup  of  the  said  group.  (This  S-group  is 
isomorphic  to  the  intersection  of  PSL{3,q)  with  a Singer  group  in  PGL(3,q).  The 
S-group  has  {q^  + q + l)/(3,  g — 1)  elements.) 

By  theorem  2.2.1  fixed  points  of  elements  whose  orders  divide  9 — 1 or  9 d-  1 
lie  on  the  lines  of  Cq.  Since  G is  totally  irregular,  points  of  H \ must  e fixed  by 
elements  whose  order  divides  (q^  + q + l)/(3, 9 — 1),  i.e.  by  elements  of  S-groups. 
(Note  that  no  point  on  a line  / G H can  be  fixed  by  an  element  of  an  S-group.  (See 
subgroup  structure  of  PSL{3,q)  in  [1,  17].) 

Let  S be  an  S-group.  As  before,  we  will  use  Fix(S)  = {V{S),C{S),I)  to  denote 
fixed  substructure  of  S,  and  Fix{s)  = {V{s),£{s),I)  for  fixed  substructure  of  s. 

By  F{S)  we  will  denote  the  union  of  Fix{s)  for  all  s ^ S.  Note  that  Fix{S)  is 
contained  in  every  Fix(s),  but  the  converse  is  not  true. 

Normalizer  Na{S)  is  a maximal  subgroup  of  G,  and  |ATg(S')|  = 3|S'|  [1,  17].  Note 
Ng{S)  = Ng{<  s >)  for  every  s £ S.  There  is  an  element  of  order  3 in  Ng{S). 
Since  (3,  ]5'|)  = 1,3  divides  either  q,  q - 1 or  q + 1,  by  theorem  2.2.1  that  element 
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is  a generalized  perspectivity  and  therefore  does  not  fix  any  points  of  II  \ £n,  in 
particular  it  does  not  fix  any  points  of  Fix{s),  for  1 7^  a 6 S'.  By  lemma  1.5.6 
Fix{NG{s))  is  empty,  so  Fix{s)  is  either  tin  empty  set,  a triangle  or  a subplane  of  II, 
for  ciny  1 ^ s £ S. 

Lemma  3.1.1  Let  PSL{3,q)  = G < i4ut(II),  q odd,  be  a totally  irregular,  not  strongly 
irreducible  group  containing  a nontrivial  perspectivity.  Let  S be  an  S-group  in  G. 
Then  the  following  hold: 

(1)  If  I € Cn,  thenlnF{S)  = 0. 

(2) If  a line  I ^ Co  is  fixed  by  an  element  s € S',  then  / D = 0. 

(3)  Fix{s)  = Fix{<  s >),  for  s G 5. 

(4)  Let  S and  Si  be  two  S-groups  and  let  I ^ s E S,  1 ^ si  E Si.  Then 
Fix(s)  n Fix{si)  — 0 . 

(5)  If  Fix{s)  ^ Fix{S)  then  Fix{s)  is  either  a subplane  or  empty  set. 

Proof: 

(1)  Obvious  from  = PG{2,q). 

(2)  As  / is  fixed  by  s,  s acts  along  the  line  /.  Since  s acts  fix-point  freely  on  17,  if 
/ n 17  ^ 0 then  we  have  at  least  two  points  of  I lie  in  17  contrary  to  assumption. 

(3)  It  is  clear  that  Fix{<  s >)  is  contained  in  Fix{s).  Take  any  point  A E V{s). 
The  group  Ga  containes  < s > as  its  subgroup,  so  Fix{s)  is  contained  in  Fix{<  s >). 

(4) Let  H =<  s,si  >.  Note  that  S'  D 5i  = 0. 

Suppose  that  \H\  divides  {q^ + q + l)/{3,q-l).  Then  H is  a cyclic  group  contained 
in  one  of  the  S-groups.  Thus  H < S C\  Si,  a contradiction.  This  contradiction  proves 
that  there  must  be  an  element  in  H,  say  h E H,  such  that  |/i|  divides  either  q,  q — I 
or  g -t- 1.  By  theorem  2.2.1  /i  is  a generalized  perspectivity. 
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Let  A € Fix{s)  D Fix{si).  Then  H < Ga,  and  so  = A.  As  h is  a generalized 
perspectivity,  Fix{h)  is  contained  in  points  of  Cq.  This  is  a contradiction  with  the 
choice  of  A.  This  contradiction  proves  Fix{s)  D Fix(si)  = 0 . 

(5)  Notice  Ng(S)  = Na{<  s >).  This  group  aets  on  Fix{<  s >),  and  it  does  not 
fix  any  point,  i.e.  Fix{NG{S))  is  empty.  Therefore  Fix{<  s >)  is  either  empty,  a 
triangle  or  a subplane  by  1.5.6.  Suppose  it  is  a triangle.  Then  Ng{S)/  < s > acts  on 
it  fix-point  freely.  Since  (3,  |5|)  = 1,  5 has  to  fix  the  triangle  pointwisely,  so  we  get 
Fix{<  s >)  = Fix{S),  which  is  a contradiction. 

□ 

Note  that  if  F{S)  = Fix{S)  ^ 0 then  we  are  dealing  with  only  one  subplane  of 
n,  or  only  one  triangle.  When  F{S)  is  strictly  bigger  then  Fix{S),  we  are  dealing 
with  a union  of  subplanes  (as  element  of  order  3 does  not  exist  in  S,  and  the  group 
of  order  l^l/lsj  acts  on  Fix{s),  there  is  at  most  one  triangle,  i.e.  if  there  is  a triangle 
it  ha5  to  be  Fix{S)).  If  Fix(S)  = 0,  the  subplanes  can  intersect  or  not,  which  allows 
the  structure  F{S)  to  be  very  complicated. 

Note  that  all  F{S)  are  isomorphic. 

In  this  chapter  as  before  G = PSL{3,  q),  q odd,  is  a totally  irregular,  not  strongly 
irreducible  collineation  group  of  finite  projective  plane  II,  such  that  G contains  a 
nontrivial  perspectivity. 

By  |-F’(5')|  we  denote  the  number  of  points  in  F{S).  Since  S is  cyclic,  this  number 
is  equal  to  the  number  of  lines  of  F{S).  Also,  by  \Fix{<  s >)|  we  denote  the  number 
of  points  in  Fix{<  s >).  This  number  is  equal  to  the  number  of  lines  of  Fix{<  s >). 

The  following  theorem  will  give  us  expression  for  the  order  n of  II. 

Theorem  3.1.1  Let  PSL{3,q)  = G < Aitt(II),  q odd,  be  a totally  irregular,  not 
strongly  irreducible  collineation  group  containing  a nontrivial  perspectivity.  Let  n 
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be  the  order  of  the  plane  II. 

Then  n = q orn  = Lq^{q  — 1)  + where  L >0  integer.  If  n ^ q and  S a S-group, 
then  F{S)  contains  3L{qL  + l)/(9  + 1)  points. 

Proof: 

Because  of  lemma  3.1.1,  the  points  of  II  \ are  partitioned  into  N disjoint  sets 
isomorphic  to  F{S),  where  N N is  the  number  of  Singer  cycles  in  G,  i.e.  N = 

9^(9- 1)^(9 + l)/3. 

Assume  II  ^ fl.  Then, 

\F{S)\  = {n^  + n + l)-{n-q+l)(q^  + q + l)/N  = Z{n- q^){n  - q)/{q%q  - lY{q  + 1) 

Since  F{S)  is  an  integer,  q^  divides  3(n  — q^){n  — q),  thus  divides  3(n  — q^). 

If  3 does  not  divide  q,  then  divides  n — q^.  Since  there  is  a generalized  homology 
of  order  (9  — 1)  which  has  at  least  {q  + 2)  fixed  points,  we  have  that  (9  — 1)  divides 
(n  — 1),  so  it  also  divides  {n  — q^). 

As  element  of  order  g + 1 is  a generalized  homology.  We  have  that  g + 1 divides 
n — 1 if  the  element  fixes  a point  on  the  “axis”  or  g + 1 divides  n + 1 if  no  point  on 
the  “axis”  is  fixed.  In  any  case  g -|- 1 divides  — 1. 

All  this  together  gives  us  n = Lq^[q  — 1)  + g^  where  L > 0 is  an  integer. 

Suppose  3 divides  g,  i.e.  g = 3‘.  Then  by  the  same  argument  as  above  we  obtain 
n = {Kf3)q^{q  — 1)  + g^  where  A'  > 0 integer.  Combining  this  fact  with  the  above 
formula  for  |F(5)|,  we  obtain 


|f  (S)|  = -l)((Ar/3),'’(,-l)+,'-,)/(,’(?-lf(9+l))  = A-((A-/3), +!)/(, +1) 
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Since  an  element  of  order  3 from  Na{S)  acts  on  F{S),  we  have  3 |F(5')|,  thus  3 
divides  K{{Kl3)q  + l)/{q  + 1)  = K{{Kl3)3*  + 1)  = K{K3^~^  + 1).  If  t ^ 1,  then  3 K 
and  thus  K = 3L.  Therefore  by  the  same  argument  as  above  n — Lq^{q  — 1)  + q^. 

It  remains  to  resolve  the  case  when  t = 1,  i.e.  when  q = 3.  Suppose  q = 3. 
Suppose  also  that  3 does  not  divide  K.  Then  3 K + 1,  so  K = 3m  — 1 for  some 
integer  m.  Consequently  n = [(3m  — 1)3^(3  — l)/3]  + 3^  = I8m  + 3.  From  lemma 
3.2.1  it  follows  that  n — q^<  — 1)/3,  i.e.  n — q<  3‘*2.  This  implies  that  the  upper 

bound  for  n is  162  + 9 = 171.  We  consider  all  the  numbers  between  1 and  171  that 
are  of  the  form  18m + 3.  These  numbers  are  3,21, 39, 57, 75,93,  111,  129, 147  and  165. 
As  the  order  of  the  S-group  is  13  which  is  a prime  number,  therefore  the  S-group  is 
special  and  F{S)  = Fix{S)  is  a subplane,  a triangle  or  an  empty  set.  As  F{S)  = 3 
implies  (n  — 9)(n  — 3)/A^  = (n  — 9)(n  — 3)/144  = 3,  we  can  conclude  that  n = 3^  = 27. 
Therefore  for  all  the  plane  orders  greater  or  equal  to  39,  F{S)  will  be  a subplane.  Say 
the  order  of  that  subplane  is  z,  i.e.  |F’(S')|  = + z + 1.  For  the  numbers  39, 75,  111 

and  147  we  can  not  find  z such  that  that  z^  + z + 1 = (n  — 9)(n  — 3)/144.  For 
the  numbers  21,57,93,129  and  165  we  can  prove  using  Bruck-Ryser  theorem  that 
they  can  not  be  plane  orders.  Therefore  the  only  choice  for  n is  3,  but  n = 3 implies 
n = n,  which  is  contrary  to  our  assumption.  This  contradiction  proves  that  3 divides 
K,  and  thus  n = Lq^{q  — 1)  + q^- 

Consequently  |-F(5')|  = 3L{qL  + l)/(9  + 1). 

□ 


3.2  On  the  type  of  II  if  S-group  is  special 

In  this  section  we  investigate  what  happens  if  an  S-group  , say  S,  is  special,  i.e. 
any  two  elements  from  S fix  the  same  set  of  points.  In  that  case  Fix{S)  = F(S)  is 
either  an  empty  set,  a triangle  or  a subplane. 
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For  example,  all  groups  PSL{3,  q)  such  that  + q + l/{3,q  — 1)  is  a prime  will 
have  the  property  that  their  S-groups  are  special. 

Now  we  will  put  a bound  on  n if  5 is  special. 

Lemma  3.2.1  Assume  S is  special,  i.e.  Fix{S)  = Fix{s)  for  any  s € S. 

Then  the  order  n of  the  plane  II  is  less  than  {q^/3){q  — 1)  + 9^. 

Proof: 

Let  P be  a point  of  il.  We  connect  P with  every  point  of  F{S).  Since  no  two 
points  of  F{S)  axe  on  the  same  line  through  P by  lemma  3.1.1,  in  this  manner  we 
obtain  |F(iS')|  different  lines.  There  are  n + 1 different  lines  of  II  incident  with  P, 
qr  -f  1 of  them  axe  lines  of  II,  so  n haa  to  be  strictly  greater  than  |P(5')|.  Therefore 
by  theorem  3.1.1  we  get 

n = Lq'^{q  - 1)  + 9^  > 3L(Lq  + l)/{q  + 1)  = F{S) 

which  implies  L < q^/3.  Again  by  theorem  3.1.1  L < q^/3  implies  n < {q^/3){q  — 
l)  + 9^ 

□ 

Notice  that  all  the  results  in  this  section  are  of  a general  nature,  i.e.  we  do  not 
assume  that  S is  special.  The  technique  presented  here  works  in  general.  The  case 
when  S is  special  is  a consequence. 

If  |Fix(S')|  < 3,  then  |Fix(5')l  = 3L{qL  + l)/{q  + 1)  from  the  theorem  3.1.1. 
yields  L = 0 or  1,  and  therefore  n = q^  or  n = q^. 

In  the  rest  of  this  section  we  will  investigate  what  happens  if  |P*x(iS')|  is  strictly 
greater  than  3.  We  have  already  mentioned  that  then  Fix(S)  is  a subplme. 

Our  strategy  is  to  partition  the  plane  II  into  disjoint  G-orbits  of  points  and  lines. 
Define  the  G-incidence  matrix  and  inner  product  of  its  rows  (see  below  for  definition). 
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Then  use  its  properties  to  prove  that  all  points  of  Cu  outside  of  fl  are  in  one  point 
orbit.  This  will  yield  the  plane  order. 

We  define  the  point  orbits  Pi,  P2,  ....,Pr,Qi,  follows  : Pi  = fi,  P2,...,Pr 

are  the  point  orbits  of  G on  Cq  \ 0.,  and  the  point  orbits  of  G on  P \ 

where  V axe  points  of  II. 

By  analogy,  we  will  define  the  line  orbits  of  G on  II,  namely  L\,L2, ...,  Tu,  T\, ..., 
as  follows:  L\  = Cq,  L2,...,Lu  are  the  orbits  which  consist  of  lines  that  have  exactly 
one  point  in  common  with  fl,  i.e.  tangent  lines  of  fl,  and  T\, ...,  T„  are  the  orbits  that 
consist  of  lines  which  have  no  common  points  with  fl,  i.e.  exterior  lines  of  0. 

Since  the  collineation  group  G has  the  same  number  of  point  and  line  orbits,  [15], 
then  r + t = u + V. 

We  now  define  a G-incidence  matrix  M in  the  following  way:  the  rows  (respec- 
tively columns)  of  M are  indexed  by  the  line  (respectively  point)  orbits  of  G.  For  a 
line  orbit  C\  and  a point  orbit  Pi  the  corresponding  entry  {Ci,Vi)  will  be  the  number 
of  all  the  lines  of  C\  that  axe  incident  with  a point  P € Pi. 

Next  we  define  the  product  between  two  rows  of  M,  namely 

V 

where  £1,^2  are  two  different  line  orbits  and  the  summation  is  over  all  the  point 
orbits. 

The  follwing  result  describes  [£i|£2]  in  terms  of  the  orbit  sizes  of  £1  and  £2. 
Lemma  3.2.2  (Ho  [10]) 

Let  Pi,...,Pr  be  the  disjoint  point  orbits,  and  C\,...,Cr  the  disjoint  line  orbits 
under  the  action  of  a collineation  group  G on  a projective  plane  II  of  order  n.  Let 
the  G-incidence  matrix  be  defined  as  above.  Then 
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[£i|£2]  — |-^i||'^2|  + n\C\  n £2! 

To  be  able  to  use  the  above  lemma,  we  have  to  find  at  least  some  of  the  entries 
of  M. 

Lemma  3.2.3  The  following  conclusions  hold: 

1.  (Ti,Pi)  = q + l,  {Lx,  Pi)  = 1,  {Lx,Qj)  = 0,  where  i € {2,...r}  and  j G 

2.  For  every  line  orbit  Li,i  G {2,  there  is  exactly  one  point  orbit  Pj, 

j G {2, incident  with  it,  and  vice  versa.  Therefore  r = u andt  = v,  (Li,Pj)  = 
and  {Li,  Pk)  = 0 for  all  remaining  Pk,  k G {2, 

3.  For  i > 2,  {Li,  Pi)  = \Gp\!\GAj\,  where  P G and  Aj  is  any  point  in  orbit 
Pj,  provided  {Li,Pj)  is  not  zero.  Also  |Lj|  = |P,|. 

4.  {Li,Qj)  — where  aij  is  a non-negative  integer,  and  Sj  — Gq  for  some 

point  Q ^ Qj. 

5.  A line  I is  fixed  by  an  element  of  an  S-group  if  and  only  if  it  belongs  to  one  of 
the  orbits  T\, ...,  T„. 

Proof: 

(1)  This  statement  is  obviously  true  because  of  the  way  point  and  line  orbits  are 
defined. 

(2)  Take  a line  / G Li.  It  has  to  intersect  a line  t £ Cn  = Lx  in  & point  outside  fl, 
say  Aj  G Pj,  j > 2.  If  we  connect  point  A with  each  point  of  Q,\t  we  get  a pencil 
of  q^  lines.  All  the  q^  points  of  fl\t  are  permuted  in  one  orbit  of  a group  of  order 
q^  which  fixes  Aj  and  line  t.  Namely,  this  group  is  G^t,t)t  the  group  of  elations  with 
axes  t.  This  implies  that  all  lines  described  above  are  in  one  orbit  under  the  same 
group.  ( Note  they  all  intersect  in  Aj.) 
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As  the  orbit  includes  line  / G Li,  all  lines  axe  lines  of  L,.  Therefore  Li  is  the 
only  line  orbit  among  Li,i  6 {2,  which  is  incident  with  Aj.  ( Assume  there 
is  another  orbit  Lk  incident  with  Aj.  Then  there  is  a line  y E Lk  such  that  Aj  is 
incident  with  y.  As  y picks  up  a point  from  Q\t,  it  has  to  be  one  of  the  points  in 
the  orbit  of  Each  of  those  points  together  with  Aj  determines  a line  of  Li,  so 

we  have  Li  = Lk). 

On  the  other  hand,  for  any  given  point  orbit  Pj,  j E {2,  we  can  find  a line 

orbit  Li,i  E {2,  ...,r}  incident  with  it.  ( Tahe  a point  P from  the  orbit  Pj  and  pick 
any  point  in  which  is  not  on  the  axes  of  the  elation  group  which  stabilizes  P.  The 
line  joining  them  must  belong  to  some  Li,i  E {2, 

This  proves  that  u = r and  therefore  v = t,  and  (Li,Pj)  = q^  while  {Li,Pk)  = 0 
for  all  remaining  Pk,  k E {2, ...,  r}  such  that  k ^ j. 

(3)  We  count  all  the  lines  of  T,  that  go  through  P.  Note  that  P is  the  only 
point  in  fl  incident  with  any  of  the  lines  of  f).  Also  note  that  il  is  an  orbit  of  G, 
|fl|  = \G  : Gp\.  The  number  of  lines  in  Li  through  any  point  of  J)  is  constant,  i.e.not 
dependent  on  the  point.  Therefore  [Li,P\)  = (|G|/lG/|)/(|G|/|(jp|)  = |Gp|/|G/|. 

Now  using  lemma  3.2.2  together  with  the  conclusions  (1)  and  (2)  above,  we  obtaiin 

(9^  + 9 + = [L\,L,]  = (q"^  + q+  l)(|Gp|/|G/|)(9  + 1)  + 9^|G|/|Ga| 

where  A is  any  point  in  the  unique  point  orbit  Pj  corresponding  to  Li,  as  described 
in  conclusion  (2).  This  equation  implies  |G/|  = |Gyi|,  so  {Li,  Pi)  = \Gp\!\Ga\-  The 
equation  |Gj|  = \Ga\  also  implies  \Li\  = \Pj\. 

(4)  Take  a point  Q in  the  point  orbit  Qj.  Say  Gq  = Sj  =<  s >,  where  s E S is 
an  element  of  a S-group.  Suppose  there  is  a line  of  Li,  say  I,  incident  with  Q.  Line 
/ contains  only  one  point  from  fl,  say  P,  so  PQ  = 1.  As  < s > acts  fix-point  freely 
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on  the  points  of  0,  < s >-orbit  incident  with  Q contains  | < s > | lines.  Therefore 
(Li,Qj)  = a.jl  < s > I,  where  Ojj  is  a nonnegative  integer. 

(5)  Since  a S-group  S is  cyclic,  every  element  of  S fixes  the  same  number  of  points 
and  lines  (see  [15]),  so  there  axe  |F(5)1  lines  fixed  by  elements  of  S.  We  have  shown 
that  there  are  (n  - ?^)(n  — q)  points  fixed  by  elements  of  S-groups,  so  there  are 
(n  — q^){n  — q)  lines  fixed  by  elements  of  S-groups. 

None  of  them  is  incident  with  by  lemma  3.1.1,  so  they  must  be  contained  in  the 
orbits  Ti, ...,  T„.  As  line  orbit  L,  is  incident  with  unique  Pj  ( and  vice  versa),  and  they 
both  have  the  same  number  of  elements,  and  r = u (by  parts  2.  and  3.  of  this  lemma), 
the  total  number  of  elements  in  orbits  Li,  L2,  is  equal  to  the  total  number  of 

elements  in  orbits  Pi,  P2,  •••»  Pr  and  that  number  is  -t-  n -f  1 — (n  — ?^)(n  — q).  This 
implies  that  all  the  lines  of  Ti,  ...,T„  are  fixed  by  an  element  of  a S-group,  and  they 
are  the  only  ones  with  such  a property. 

□ 


Lemma  3.2.1  Let  PSL{3,q)  = G < Aut(II),  q odd,  be  a totally  irregular,  not  strongly 
irreducible  collineation  group  containing  a nontrivial  perspectivity.  Let  d ^ I be  an 
integer  which  divides  |G^|  for  every  A € F{S).  Then  all  the  lines  in  II  which  are 
incident  with  exactly  one  point  in  fl  are  in  the  same  G-orbit  of  lines.  Consequently, 
all  the  points  of  Ca\Tl  are  in  the  same  G-orbit. 


Proof:  Note  that  if  d 


\Ga\,  for  every  A € F{S),  then  d 


\Gb\  for  every  point  B in 


n \ £n.  Also  by  theorem  2.2.1  d 


IIS'].  This  lemma  really  says  that  there  is  only  one 
other  point  orbit  Pj  except  for  Pi  and  only  one  other  line  orbit  Lj,  except  for  L\,  i.e. 
r = 2 (see  lemma  3.2.3)  . Since  G is  not  strongly  irreducible,  the  order  of  II  is  at 
least  q^,  so  there  is  at  least  one  more  line  orbit,  say  L2. 
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Suppose  r > 2.  Let  2 < i < r,  r / 2.  Consider  [L2,Li\.  By  lemmas  3.2.2  and 
3.2.3,  we  obtain 

|G|V|Gj,||Gj,l  = (|Gp|7|G^,llG.,,l)tf  + « + 1)  + E«it|G«.|aM|Go.||G|/|Ga.| 

k=l 

where  Gq^  is  the  stabilizer  of  a point  Qk  from  the  orbit  Tjt.  Note  that  A2,  Ai  are 
points  in  the  orbits  P2,Pi  respectively,  where  {L2,P2)  0 and  {Li,  Pi)  / 0. 

After  simplifying  the  above  equation,  we  get 

d'^i\GQk\/d){(^ika2k)  = (|G^|  - \Gp\)/\GA2\\GAi\ 

fc=i 

This  implies  that  d divides  \G\  - \Gp\  = q\q  - 1)^(?  + 1)^,  which  is  impossible 
as  d divides  l^j  = {q^  + q + l)/(3,  q — 1). 

This  contradiction  proves  that  r = 2.  Because  of  the  lemma  3.2.3,  there  is  also 
only  one  point  orbit  P2.  This  proves  the  lemma. 

□ 

A special  case  of  the  lemma  3.2.4  is  when  S is  special.  In  that  case  d = l^l. 

We  will  see  that  the  order  of  the  plane  depends  on  the  stabilizer  of  a point  A from 
Cu  \ fl.  The  following  lemma  will  put  a bound  on  the  order  of  the  stabilizer. 

Lemma  3.2.5  Let  PSL{3,  q)  = G < Aut(II),  q odd,  be  a totally  irregular,  not  strongly 
irreducible  collineation  group  containing  a nontrivial  perspectivity.  Assume  that  the 
order  ofH  is  bigger  than  q^.  If  A is  a point  outside  of  il  incident  with  a line  I G Cq, 
then  \Ga\  < q^- 

Proof: 

Tcike  / G Cii  and  a point  A from  Cq\H.  Since  n is  bigger  than  q^,  we  can  choose 
a line  k incident  with  A,  such  that  H is  empty.  The  line  k will  be  fixed  by  an 
element  s of  a S-group  S by  lemma  3.2.3.  Pick  another  line,  say  t G Cq,  so  that  it 
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contains  A*.  Note  A"  = kC\t.  Since  all  the  points  of  £n  \ fl  are  in  the  same  orbit  by 
lemma  3.2.4,  all  the  n — q points  on  t\Q,  are  in  one  orbit  under  Gf  (To  prove  this 
point,  assume  that  there  are  at  least  two  Gforbits  of  points  on  the  line  t,  say  A^* 
and  for  A,B  et.  There  is  a group  5 in  G which  ax;ts  transitively  on  the  lines 
of  fl.  Since  Gt  is  majcimal  in  G,  then  G = GfS.  Since  there  is  only  one  G-orbit  of 
points  on  Cq  \ fl,  then  there  is  some  g £ G such  that  A^  = B.  Because  of  G = GtS, 
g is  of  the  form  hs,  h & Gt  and  s € 5.  Let  A^  = C.  Then  G*  = B.  Note  s sends 
the  line  t to  some  other  line  such  that  (t  \ fl)  H (t*  \ fl)  = 0.  This  implies  that 
G*  = 5 G t n and  consequently  6 G f),  a contradiction.  This  contradiction  proves 
that  all  the  points  in  t \ fl  are  in  the  same  Gt -orbit.) 

Since  Gfc  nGyi  = 1,  it  is  clear  that  the  orbit  has  exax:tly  |Gyi|  lines.  This  orbit 
intersects  t in  |G^|  different  points  none  of  which  is  in  fl.  Knowing  there  is  only  one 
point  orbit  on  t,  we  get 

\Ga\  <n-q=  \Gt\/\GA-\  = \Gt\/\GA\  \Ga\^  < |G<| 

Since  |Gt|  = q^{q  - l)^{q  -b  l)/(3,9  - 1)  (see  lemma  1.4.2),  it  follows  \Ga\  < q^- 

□ 

It  was  proved  that  every  point  A on  a line  I G £n  is  fixed  by  a group  of  order  q^ , 
which  is  a group  of  all  elations  with  axis  /.  Since  the  stabilizer  of  A could  be  bigger, 
we  need  some  information  about  \Ga\!<1^- 

In  the  next  lemma  L is  from  the  formula  n = Lq^{q  — 1)  -|-  9^  (see  theorem  3.1.1). 

Lemma  3.2.6  Let  PSL{3,  q)  = G < Aut{U),  q odd,  be  a totally  irregular,  not  strongly 
irreducible  collineation  group  containing  a nontrivial  perspectivity.  Let  \Ga\  ~ q^K. 
Then  Lg  -b  1 = (<?"  - l)/((3,  q - l)K). 


Proof: 


54 


Pick  a point  A on  the  line  I € Cq.  Note  there  are  |G/|/|Gyi|  points  on  O I . Since 

all  the  points  of  Cq\Q.  are  in  the  same  G-orbit,  then  all  the  points  of  / \ fl  are  in  the 
same  Gj-orbit  (see  the  proof  of  lemma  3.2.5).  Hence  we  conclude  |G/l/|G>i|  = n — q. 

By  assumption  |Ga|  = q^K.  Since  |G/|  = 9^(9  — l)^(^  + l)/(3,  ^ — 1),  it  follows  that 
n-q=  \Gi\/\Ga  I = q\q  ~ 1)^(9  + l)/(9^(3, 9 - l)K)  = q{q^  - 1)(9+  l)/((3, 9 - 1)^^^). 
As  n = Lq^{q  — 1)  + by  theorem  3.1.1,  it  follows  that  q{q  — f){Lq  + 1)  = q(q  — 
1)^(9  + 1)/((3,9  — 1)K)  and  therefore  Lq  + 1 = {q^  — !)/{{3,q  — 1)K). 

□ 

In  this  following  theorem  we  are  looking  again  at  the  general  situation,  i.e.  we 
do  not  require  that  group  S be  special.  This  may  result  in  a very  complicated  set  of 
fixed  points  F{S).  However,  under  certain  conditions,  something  can  be  said  about 
the  plane  H. 

Theorem  3.2.1  Let  PSL{3,q)  = G < Aut(H),  q odd,  be  a totally  irregular,  not 
strongly  irreducible  collineation  group  containing  a nontrivial  perspectivity.  Suppose 
the  following  is  true: 

(1)  All  the  points  of  Co  are  in  one  G-orbit. 

(2)  Fix{S)  is  nonempty. 

Then  the  order  of  the  plane  H is  q^. 

Proof: 

From  lemma  3.2.6  we  know  Lq  A f = (9^  ~ l)/((3,9  — f)K).  Therefore  {q^  — 
1)/((3,9  — 1)^)  = firnod  q)  which  implies  {q^  — 1)  = (3, 9 — l)K{mod  q).  As  —1  = 
q — l(mod  q),  it  follows  (3,^  — l)/f  = q — l{mod  q).  Thus  q divides  (3,^  — 1)^^  — (9  — 1) 
and  consequently  q divides  (3,^^  — \)K  -f  1. 
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If(3,g-1)  = 1,  then  9 divides  A'  + l.  Note /(T  > 2 since  every  point  on /,  including 
A,  is  fixed  by  an  involution.  Since  in  addition  K < qhy  lemma  3.2.5,  q K -\-l  implies 
K = q-l. 

If  (3,9  — 1)  = 3,  then  q divides  3K  + 1.  This  yields  K = {Mq  — l)/3,  for 
some  positive  integer  M.  Since  2 < K < q,  it  follows  K = {q  — l)/3,{2q  — l)/3 
or  (39  — l)/3.  As  3 9 — 1,  the  last  two  numbers  are  not  integers,  and  so  the  only 
possibility  for  A'  is  (9  - l)/3.  U K = {q  - l)/3,  then  from  the  proof  of  lemma  3.2.6 
we  have  n — q-=  9(9^  — 1)(9  + 1)/(3A')  = 9(9^  — 1)  and  so  n = 9^. 

□ 


Notice  that  the  first  condition  of  the  theorem  is  satisfied  when  S is  special  (lemma 
3.2.4). 

The  following  theorem  3.2.2  is  a summary  of  the  results  done  so  far. 


Theorem  3.2.2  Let  G = PSL{3, 9)  be  a totally  irregular  collineation  group  containing 
a perspectivity,  which  acts  on  a finite  projective  plane  II.  If  an  S-group  is  special, 
then  n,  the  order  ofU,  is  either  q,  q^,  or  9^. 

Further,  when  n = 9,  II  = PG{2,q). 

If  n = q^,  then  either  II  = PG{2,q^)  or  II  is  a generalized  Hughes  plane. 

When  n = 9^,  the  only  known  planes  are  isomophic  to  PG{2,q^)  or  Figueroa 
plane. 


Proof: 

Case  1 : Assume  G is  strongly  irreducible. 

By  theorem  1.4,  II  is  Desarguesian  of  order  9. 

Case  2 : Assume  G is  not  strongly  irreducible. 

If  no  point  in  II  is  fixed  by  an  element  of  a S-group,  then  F = 0,  and  by  lemma  4.2 
the  order  of  II  is  9^.  Suppose  there  exist  a point  fixed  by  an  element  of  a S-group. 
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Because  S is  special,  all  the  conditions  in  the  theorem  3.2.1  are  satisfied,  and  thus 
the  order  of  II  is  q^. 

The  theorem  1.5.3  of  Unkelbach,  Dembowski  and  Luneberg  classifies  planes  of 
order  q^.  According  to  the  construction  of  PG{2,q^)  and  Figueroa  plane  [2],  we 
know  that  both  these  planes  satisfy  the  conditions. 

□ 

3.3  What  can  be  said  about  II  when  S-groups  are  not  special 

In  this  section  we  investigate  properties  of  the  finite  projective  plane  II  which  ad- 
mits G = PSL{3,  q),  q odd,  as  a totally  irregular  not  strongly  irreducible  collineation 
group  containing  a nontrivial  perspectivity  when  S-groups  of  G are  nonspecial. 

Note  that  for  every  s G 5,  Fix(S)  is  contained  in  Fix(s).  When  S is  not  special, 
it  is  possible  that  for  some  s ^ S,  Fix{S)  is  strictly  smaller  than  Fix(s).  In  a 
nonspecial  case  the  fixed  substructure  of  iS,  F{S),  can  be  very  complicated,  which 
mahes  it  very  hard  to  pin  down  the  geometric  structure  of  the  plane  II. 

Before  going  further,  we  need  to  obtain  more  information  about  the  structure  of 

F{S). 

Let  1 ^ a,  ^ G S'  be  any  elements.  It  is  easy  to  see  that  if  < a ><<  /?  >,  then 
Fix{<  /?  >)  C Fix{<  a >).  If  a subplane  Fix{<  a >)  is  not  strictly  contained 
in  any  other  Fix{<  ^ >),  it  is  called  an  S-mjoc  subplane  (maximal  subplane  with 
respect  to  S).  There  could  be  more  than  one  S-maix  subplane  in  F{S). 

Also  note  that  for  any  two  subplanes  Fix{<  u >)  and  Fix(<  v >),  u,u  G S',  (not 
necessary  S-max),  Fix{<  u >)  D Fix(<  v >)  = Fix{<  s >),  where  < s >=<  u,v  >. 
(To  prove  this  faict  we  have  to  verify  both  inclusions.  Since  < u ><<  s > and 
< V ><<  5 > it  follows  Fix{<  5 >)  C Fix{<  u >)  fl  Fix{<  v >).  On  the  other 


57 


hand,  ii  A e Fix{<  u >)  D Fix{<  v >),  then  = A,  i.e.  Fix{<  « >)  PI  Fix{< 
u >)  C Fix{<  s >).) 

Lemma  3.3.1  Suppose  Fix{<  a >)  and  Fix{<  8 >)  are  two  different  maximal  sub- 
planes,  a,8  £ S.  Then  (|al,|^|)  = 1. 

Proof: 

Suppose  d = (|a|,  1^|)  ^ 1.  Then  there  is  a subgroup  < 7 > of  order  d contained 
in<a>n<^>.  This  implies  that  < 7 > fixes  every  point  in  Fix{<  a >)  and 
Fix{<  6 >).  Thus  both  Fix{<  a >)  and  Fix{<  8 >)  are  contained  in  Fix{<  7 >). 
If  at  least  one  of  Fix{<  a >),  Fix{<  8 >)  is  strictly  contained  in  Fix{<  7 >),  this 
contradicts  the  definition  of  S-max  subplane.  Therefore  Fix{<  a >)  = Fix(<  7 > 
) = Fix{<  8 >),  contrary  to  the  assumption  Fix{<  a >)  ^ Fix{<  8 >).  This 
contraxliction  proves  that  d = 1. 

□ 

In  the  following  lemma  we  use  S-max  subplanes  to  limit  the  plane  order.  In  some 
cases  we  can  also  determine  the  lower  bound  for  n,  as  shown  in  conclusion  (3)  of  the 
following  lemma. 

Lemma  3.3.2  Let  PSL{3,q)  = G < >lut(n)  be  totally  irregular,  not  strongly  irre- 
ducible collineation  group  containing  a nontrivial  perspectivity.  Let  S be  an  S-group 
which  is  not  special  and  Fix(S)  ^ 0.  Then 

(1)  If  Fix{<  Si  >)  is  an  S-max  subplane,  then  |si|  < q.  There  are  at  least  two 
S-max  subplanes. 

(2)  n < q^/3. 

(3)  Let  Fix{<  s,-  >)  be  an  S-max  subplane.  Let  line  I = be  a line  fixed  by  the 
whole  group  S,  and  let  point  A € Fix{<  S{  >)  be  a point  such  that  A £ I and  A is 
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not  in  any  other  S-max  subplane.  Then 


(9“*  + (/iVS  - l)q^)/{pV^)  < n 


Proof: 

(1)  Suppose  that  a S-max  subplane  is  of  the  form  Fix{<  s,  >),  where  |s,|  > 9-I-I, 

We  claim  that  there  can  be  only  one  such  S-max  subplane  in  F{S),  namely  Fix{< 
Si  >).  Assume  contrary  that  there  are  at  least  two  S-max  subplanes  Fix{<  s,  >) 
and  Fix{<  sj  >),  G S,  where  both  |s,|  and  |sj|  are  greater  than  g -f  1.  Since 
(|si|,  |s_,|)  = 1 by  lemma  3.3.1,  | < s,-  ><  Sj  > \ >{q  + 1)^  > \S\,  which  is  impossible. 
Having  proved  that  Fix{<  Si  >)  is  the  only  S-max  subplane,  it  follows  F{S)  = Fix{< 
Si  >).  So  |sj|  |G>i|  for  every  A G F{S).  We  use  lemma  3.2.4  to  conclude  that  all  the 
points  on  jC^  \ fl  are  in  the  same  point  orbit  under  G.  By  theorem  3.2.1  n = . In 

that  case  |F(5')|  = 3 and  S is  consequently  special,  a contradiction. 

This  contradiction  proves  that  if  Fix{<  s,-  >)  is  a S-max  subplane,  |s,|  < q. 

(2)  Take  a point  A G H.  If  the  number  of  maximal  subplanes  of  F{S)  is  t,  then 
line  AP,  P G F{S),  can  carry  at  most  t points  of  F{S)  by  lemma  3.1.1.  Since  n must 
be  strictly  greater  than  the  number  of  different  lines  AP,  we  conclude  n > |F(5')|/t. 
Let  X be  the  number  of  Sylow  p, -subgroups  of  a S-group  S.  As  S is  cyclic,  x is  the 
number  of  different  primes  dividing  Note  that  t < x.  We  have  the  following 


S = Sp,  X ...  X Sp,  |5'|  = npr  >3^“*  >3"  =>  q^  + q + l>r. 

t=l 

This  implies  {q  -|- 1)^  > 3“^  and  thus  2logz{q  + 1)  > x which  in  turn  implies  q>x. 
Now  n > |F(5)|A  > |i^(5)l/x  > |F(5)|/9.  This  yields  n < ?V3. 

(3)  Take  a line  / G C{S).  Let  Fix{<  sj  >),  j = l,...t,  be  S-max  subplanes 
in  F{S).  Notice  that  I runs  through  all  these  subplanes.  By  assumption  there  is 
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a point  on  1 D Fix{<  5,-  >)  which  is  in  no  other  S-max  subplane.  Say  that  point 
is  Ai.  Since  A,-  is  fixed  only  by  < s,-  >,  the  point  orbit  Af  will  be  contained  in 
lr\Fix{<  Si  >)  and  it  will  have  |5|/|5,|  points.  Note  that  (A,)^  will  not  be  contained 
in  any  other  S-max  subplane.  Therefore  Fix{<  Si  >)  has  order  bigger  than  jS'l/Isjl  > 
(q  + l)/(3, 9 — !)•  This  implies  that  since  the  order  of  Fix{<  s,-  >)  is  greater  than 
{q  -f-  1)/(3,9  - 1),  F{S)  has  more  than  (9^  -|-  29  + l)/(3,9  - 1)^  elements.  Knowing 
|F(5)|  = 3L{Lq  + l)/{q  + 1)  > (9^  + 2q  + 1)1(3,  q - 1)^  by  lemma  3.1.2,  we  get  that 
L > (q  + l)/((3, 9 — l)\/3).  Left  inequality  from  the  statement  of  the  lemma  follows. 

□ 


The  conditions  in  (3)  could  seem  somewhat  artificial,  but  they  are  actually  true  if 
there  is  a S-max  subplane  Fix{<  s,-  >)  such  that  the  number  of  S-max  subplanes,  say 
t,  is  less  than  the  square  root  of  the  order  of  Fix(<  Si  >),  say  k.  If  this  requirement 
is  fulfilled,  then  there  are  at  most  t^k  points  on  / D Fix(<  s,  >).  Since  t < \/k,  then 
ty/k  < k and  therefore  there  is  a point  on  / fl  Fix(<  Si  >)  which  is  not  in  any  other 
S-max  subplane. 

Condition  in  (3)  is  fulfilled  in  ein  infinite  number  of  cases,  i.e.  when  the  number 
of  prime  divisors  of  (9^  -|-  9 + l)/(3, 9 — 1)  is  less  than  4,  as  we  will  show  below. 

If  Fix(S)  is  a subplane,  it  must  be  of  order  at  least  4 (as  3 |Fii(5')l  by  lemma 
3.1.1).  If  there  is  a S-max  subplane  Fix{<  sj  >)  such  that  Fix(<  s,  >)C\Fix(<  Sj  >) 
is  a subplane  of  Fix(<  S{  >),  then  that  one  is  of  order  at  least  4^  = 16,  so  y/k  > 16. 
Therefore  if  the  number  of  prime  divisors  of  |5|  is  less  than  16,  conclusion  (3)  in  the 
above  lemma  holds. 

If  |Fix(5)|  = 3,  the  smallest  subplane  containing  Fix(S)  is  of  order  4 (as  3j|Fix(u)|, 
for  every  u G 5 by  lemma  3.1.1).  If  Fix{<  Si  >)  is  of  order  4,  then  Fix{<  Si  > 

) n Fix(<  Sj  >)  = Fix(S)  for  any  other  subplane  Fix(<  Sj  >).  Therefore  the 
conditions  in  conclusion  (3)  in  the  above  lemma  holds. 
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Assume  Fix{<  s,-  >)  is  of  order  bigger  than  4.  If  there  is  a S-max  subplane 
Fix{<  Sj  >)  such  that  Fix{<  s,-  >)nFia:(<  sj  >)  is  a subplane  of  Fix{<  s,-  >)  then 
the  order  of  that  subplane  is  at  least  4.  That  makes  k > 16.  Therefore  if  the  number 
of  prime  divisors  of  |5|  is  less  than  4,  the  conclusion  (3)  in  the  above  lemma  holds. 

Now  we  investigate  how  the  the  action  of  G determines  total  collineation  group 
of  the  plane  II. 

By  G we  denote  the  full  collineation  group  of  II,  i.e.  G = A.uf(II). 

Since  G is  totally  irregular  and  not  strongly  irreducible,  G is  totally  irregular  and 
not  strongly  irreducible.  As  G can  not  fix  a point,  line  or  a triangle  by  theorem  3.2.4, 
the  same  is  true  for  G.  Therefore  there  is  a G-invariant  subplane  in  II  on  which  G 
acts  as  a totally  irregular  strongly  irreducible  group  containing  a perspectivity. 

Let  n be  a subplane  of  II  generated  by  all  the  centers  and  all  the  axis  of  perspec- 
tivities  in  G.  Since  the  group  generated  by  all  the  perspectivities  in  G is  normal  in  G, 
G leaves  II  invariant.  (Notice  that  11  is  the  smallest  subplane  left  invariant  by  G by 
lemma  1.3).  Obviously  plane  fl  is  contained  in  ft.  Note  that  G does  not  necessarily 
act  faithfully  on  ft.  Let  K be  the  kernel  of  that  action.  Then  GJ K acts  faithfully  on 
ft.  Notice  GnF  = 1 as  G is  simple.  The  group  GjK  acts  on  ft,  it  is  totally  irregular 
and  strongly  irreducible  on  ft  and  contains  a nontrivial  perspectivity.  Because  of 
this  theorem  1.2.8  implies  that  G/K  containes  a unique  minimal  normal  subgroup 
M which  is  isomorphic  either  to  x or  else  A/  is  a non-abelian  simple.  We  can 
identify  G with  GK/K  i.e.  G ^ GK/K  < GIK  (as  G 0 F = 1). 

Theorem  3.3.1  Let  PSL{3,  q)  = G < Aitt(II)  be  a totally  irregular,  not  strongly  irre- 
ducible collineation  group  containing  a nontrivial  perspectivity.  Then  M is  isomorphic 
to  PSL{3,q*),  where  q*  is  a prime  power  divisible  by  q. 


Proof: 
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Suppose  M = Z3  X Z3.  This  implies  Aut{M)  = GT(2, 3).  By  theorem  1.2.8 
Ca/AM)  = M. 

Let  € Aut(M)  denote  the  conjugation  by  element  g € GKjK.  Then 

<f>{GKIK)  < Aut{M)  = GL{2,3). 

The  group  <f>{GKIK)  is  solvable  as  it  is  a subgroup  of  the  solvable  group  GL{2, 3). 
On  the  other  hand  it  is  simple  as  an  image  of  a simple  group,  so  <j>{GKfK)  = 1.  This 
implies  that  GKJK  < Cqij^{M).  Because  of  Cq^k{M)  = M vfe  get  PSL{3,q)  = 
GKj K < M,  which  is  impossible. 

Therefore  M is  a nonabelian  simple  group  and  Cqij({M)  = 1.  Notice  that 
{Gf K)(Gqij({M)  = GjK  < Aut(M).  By  Schreier’s  conjecture  (a  consequence  of 
the  classification  theorem),  Aut{M)fM  is  solvable.  Since  {GfK)fM  < Aut{M)/M 
so  (GIK)fM  is  solvable.  As  M is  normal  in  GjK,  so  (GK/K)  D M < GKIK. 
If  {GKIK)  n M = 1,  then  GKjK  ^ {{GKfK)M)IM  < {GIK)/M  which  is  solv- 
able.This  is  a contradiction  as  GKJ K is  simple.  Therefore  {GKf K)C[M  = GK/K  = 
PSL{‘i,q). 

Now  we  have  PSL{3,q)  ^ GKfK  < M,  i.e.  PSL{3,q)  <M<  G/K.  The  group 
M acts  strongly  irreducibly  on  II  and  has  a perspectivity.  This  implies  that  M is 
isomorphic  either  to  PSL{2,q*),q*  odd,  PSL{3,q*),  PSU{3,q*),  Aj  or  J2  theorem 
1.2.9  (see  [19]).  Since  none  of  the  groups  PSL{2,q*),q*  odd,  PSU{Z,q*),  A7  nor  J2 
contain  PSL{3,q)  as  a subgroup  (It  is  easy  to  see  from  their  orders  that  PSU{3,q*) 
and  J2  do  not  contain  PSL{3,q)  as  a subgroup.  For  the  remaining  PSL{2,q*),q* 
odd,  and  A^  we  can  conclude  the  same  from  their  Sylow  2-  subgroups.)  It  follows 
that  the  only  possibility  is  M = PSL{3,q*). 

Knowing  the  list  of  subgroups  of  PSL{3,q*)  [1],  we  conclude  that  q*  = q*,  i.e. 
PSL{3,q)  < PSL{3,q^)^M. 

□ 
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Knowing  M,  we  want  to  describe  the  subplane  II. 

Since  PSL{3,q^)  = M acts  on  ft  as  a strongly  irreducible  group  which  contains  a 

A 

perspectivity,  we  have  II  = PG{2,q^)  by  theorem  1.3. 

Since  perspectivities  of  G leave  ft  invariant,  so  do  the  perspectivities  of  PSL{3,  q)  = 
G < G.  As  the  perspectivities  of  G generate  the  whole  group  G,  ft  is  invariant  un- 
der G.  Moreover  G acts  on  ft  as  a not  strongly  irreducible  totally  irregular  group 

A 

containing  a perspectivity.  Therefore  the  order  of  II,  say  n,  satisfies  the  following: 
n = Lq^{q  — 1)  -|-  9^,  T > 0 by  Theorem  3.1.1. 

We  discuss  two  cases,  depending  on  whether  ft  is  proper  subplane  of  II  or  not. 

If  ft  ^ n,  i.e.  ft  is  a proper  subplane  of  II,  then  as  the  order  of  II  is  strictly  less 
than  q^  so  the  order  of  ft  is  strictly  less  than  q^y/q. 

As  n must  be  less  than  (^y/q,  three  things  are  possible,  namely  n = q,  h = q^  or 
h = q^  , i.e.  ft  = PG{2,q),  ft  = PG{2,q^)  or  ft  = PG(2,q^).  In  the  next  lemma  we 
will  show  that  n = q is  the  only  possibility. 

In  the  case  ft  = II  we  have  II  = PG{2,q^),  for  t = 1,2, 3, 4, 5 or  6.  In  the  next 
lemma  we  will  show  that  the  last  three  numbers  lead  to  contradiction. 

Lemma  3.3.3  Let  PSL{3,  q)  = G < Aut(II)  be  a totally  irregular,  not  strongly  irre- 
ducible collineation  group  containing  a nontrivial  perspectivity.  Assume  that  S-groups 
are  not  special. 

then  ft  = n = PG{2,  q). 

= then  ft  = n = PG(2,q*),  t = 1,2  or  3. 


Proof: 

(1)  Assume  ft  ^ II. 

We  have  seen  that  in  this  case  ft  = PG{2,  q),  ft  = PG{2,  q^)  or  ft  = PG{2,  q^). 
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Suppose  n = PG{2,  q^). 

As  G acts  on  ft,  the  points  fixed  by  S-group  S form  a triangle,  say  {P,  Q,  R, }. 

Let  Fix  < s >D  Fix{S)  be  a subplane  of  II,  and  let  t be  a line  of  Fix  < s > which 
does  not  intersect  Fix[S).  The  plane  ft  has  three  G-orbits  of  lines,  namely  the  lines 
of  Cl,  the  lines  that  have  only  one  point  in  common  with  Cl  and  the  lines  that  have 
no  intersection  with  Cl  [2].  The  lines  from  the  last  orbit  have  the  property  that  the 
stabilizer  of  any  such  line  is  contained  in  some  S-group.  The  line  t can  not  be  a line 
of  ft  because  of  the  lemma  3.1.1  and  the  choice  of  t.  If  t intersects  II  in  only  one 
point,  say  A,  then  is  also  contained  in  ft.  As  t fl  ft  = {A},  then  A*^'  = A.  This 
implies  Gt  < Ga-  Combining  this  fact  with  Gt  < S,  we  obtain  A G {P,Q,R}.  This 
contradicts  the  choice  of  t.  This  contradiction  proves  that  t D ft  = 0.  We  now  count 
the  lines  of  II  which  axe  incident  with  the  point  P.  Note  that  if  a line  I intersects  ft 
only  in  P,  then  Gi  < Gp.  It  is  clear  that  the  lines  from  the  orbits  L,,  i = l,...,r, 
do  not  have  such  property  (lemma  3.3.1).  If  we  look  at  the  lines  from  the  line  orbits 
Tj,  j = l,...,u,  only  the  lines  of  F{S)  satisfy  the  requirement  because  of  the  above 
argument.  (We  have  shown  that  for  any  line  t G F{S)  \ Fix{S),  t D ft  = 0,  so  lines 
of  F{S)  incident  with  P are  lines  of  Fix{S).) 

If  Fix{S)  = 3,  then  Fix{S)  is  contained  in  ft,  so  there  are  only  + I lines  of  II 
which  are  incident  with  P.  Therefore  n = q^  and  II  = ft,  a contradiction. 

Hence  |Fix(S')|  is  greater  than  3 (i.e.  if  it  is  a subplane  of  order  k,  there  are  A;  -|- 1 
lines  of  Fix{S)  incident  with  P).  There  are  altogether  — 2 = 9^-|-A: 

lines  of  H incident  with  P.  However,  since  A;  is  less  than  y/n,  there  are  less  than 
n -t-  1 lines  of  H incident  with  P,  a contradiction.  This  contradiction  proves  that 
tl^PG{2,q^). 

Suppose  ft  ^ PG{2,q^). 

This  implies  that  n>  q'^. 
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Notice  that  ft  contains  only  those  points  which  are  on  the  lines  of  £n.  To  verify 
that,  it  is  enough  to  count  the  points  on  9 + 1 lines  of  Cu  outside  of  0 and  add 
up  + 9 + 1 points  of  fl.  We  get  {q^  + q + 1)(?^  ~ 9)  + (?^  + 9 + 1)  = 9^  + 9^  + ft 
which  is  total  number  of  points  in  a plane  of  order  q^. 

Next  we  show  that  no  line  fixed  by  an  element  of  a S-group  can  intersect  ft. 

Let  t be  a line  fixed  by  an  element  s of  a S-group  S (i.e.  t is  from  one  of  the  orbits 
Tj).  Suppose  t nft  = {P}.  By  lemma  3.1.1,  P is  not  in  fl.  Since  G = PSL{3,q)  acts 
on  ft  and  t is  fixed  by  < s ><  5,  then  Gt  < Gp,  a,  contradiction  with  lemma  3.1.1. 

A ^ 

Therefore  t intersects  II  in  at  least  two  points,  i.e.  t is  a line  of  II.  But  as  fl  is  a Baer 
subplane  in  ft,  line  t must  intersect  fi  in  at  least  one  point  contrary  to  lemma  3.1.1. 
Therefore  t H ft  = 0. 

A 

Now  take  a point  A on  a line  I G Cq,  such  that  A G II.  We  count  lines  of  II 
incident  with  A.  Since  none  of  the  lines  from  Tj,  j = 1,  ...,v  is  incident  with  A,  the 
lines  of  II  which  can  be  incident  with  A are  lines  belonging  to  line  orbits  L,.  Since 
every  line  of  L,-  has  exactly  one  point  in  common  with  fl,  a line  of  L,  incident  with 
A belongs  to  ft.  There  are  only  q^  such  lines,  so  the  total  number  of  lines  of  II 

A 

incident  with  A is  -f  1.  This  implies  n = q^,  contrary  to  assumption  II  ^ II.  This 
contradiction  proves  ft  = PG{2,  q). 

(2)  Assume  ft  = II. 

We  have  already  seen  that  this  implies  ft  = II  = PG{2,  q*),  where  t = 1, 2, 3, 4, 5 or 
6.  We  will  rule  out  the  last  three  possibilities.  It  is  known  that  Aut(II)  = PTL{3,q*) 
for  n = PG{2,q^).  We  will  focus  on  PSL{^,q*)  = H < Aut(II)  acting  on  II. 

Assume  t = 4.  A group  H < PSL{3,q‘*)  of  order  ((9^)^  + 9^  + l)/(3,9  ~ ft  ^^ts 
fix-point  freely  on  II,  as  no  element  of  H can  fix  a point  in  II.  As  G = PSL{3,q)  < 
PSL{3, 9"*)  and  q‘^  + q + 1 divides  (9“*)^  -t-  9^  -M,  elements  of  a S-group  S are  contained 
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in  one  of  the  copies  of  the  group  H.  As  such  they  cannot  fix  any  point  in  II,  which 
is  contrary  to  F{S)  ^ 0 (see  theorem  3.1.1). 

The  same  argument  works  for  t = 5. 

Iff  = 6,  then  A = ot  3.  In  both  cases  jS'l  = (9^+9+l)/A, 

so  (151,9^^  + 9®  + 1)  = 1.  Let  s G 5 be  an  element  such  that  Fix{s)  is  a subplane. 
Note  that  s G 5 < PSL{3,q)  < PSL{Z,q^).  Since  |s|  does  not  divide  q^"^  + q^  + l,  it 
has  to  divide  either  9®  — 1 or  g®  + 1.  It  is  easy  to  see  that  |s|  9®  — 1.  Elements  of 
order  dividing  9®  — 1 are  either  homologies  of  II  or  generalized  perspectivities  which 
fix  three  noncolinear  points  by  theorem  2.2.1.  This  is  contrary  to  our  choice  of  s. 

□ 

Now  we  focus  on  the  case  when  II  ^ H = fl  = PG{2,q).  The  following  corollary 
is  an  easy  consequence  of  lemma  3.3.3. 


Corollary  3.3.1  Let  PSL{3,q)  = G < A«f(II)  he  a totally  irregular,  not  strongly 
irreducible  collineation  group  containing  a nontrivial  perspectivity.  Assume  that  S- 
groups  are  not  special. 

(i.e.  n ^ PG{2,q)),  then  G/K  < Auf(n)  = PTL{3,q). 


In  the  rest  of  this  article  we  will  investigate  the  group  K.  Obviously,  the  easiest 
case  is  when  K = 1,  which  implies  G < PTL{3,q).  The  problem  with  K is  that  we 
know  very  little  about  the  kernel  of  action  of  G on  ft.  It  is  interesting  that  F{S)  up 
to  some  extent  determines  K. 

Assume  K is  not  trivial.  We  will  show  that  every  element  of  K fixes  the  same 
subplane  as  K itself. 


Lemma  3.3.i  Let  PSL{3,  q)  = G < Auf(II)  be  a totally  irregular,  not  strongly  irre- 
ducible collineation  group  containing  a nontrivial  perspectivity.  Assume  that  S-groups 
are  not  special. 
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Assume  ft  = PG{2,q),  i.e.  ft  = fi  and  K ^ 1.  Then  for  every  k e K,  Fix{k)  = 
Fix{K)  = n. 

Proof: 

We  prove  first  that  K fixes  0 and  no  other  bigger  subplane.  Suppose  it  is  not 
so,  then  Fix{K)  = 111)0.  Since  K < G,  G acts  on  Fix{K),  in  particular  G acts 
on  Fix{K).  G acts  on  ft  as  a totally  irregular,  not  strongly  irreducible  group  with  a 
perspectivity.  The  order  of  ft  is  at  least  9^,  and  it  is  smaller  than  y/q. 

Take  a line  I G calLji  (a  line  of  ft)  such  that  /DO  = {P}.  There  is  a point  A ^ ft 
on  / such  that  Ga  < S,  for  some  S-group  S.  Say  Ga  =<  s >.  Since  I belongs  to  an 
orbit  Li  for  some  i,  it  can  not  be  fixed  by  < s >.  Notice  that  /*  D / = {A}  as  1"  ^ 1. 
Since  /*  is  again  a line  of  ft,  the  intersection  /*  fl  / is  a point  of  ft.  But  A ^ ft  by 
assumption,  so  this  contradiction  proves  Fix{K)  = ft. 

Now  suppose  that  for  some  k £ K,  Fix{k)  strictly  contains  Fix{K).  We  contend 
that  for  any  a € G,  if  (Fix{k))°‘  ^ Fix{k),  then  {Fix{k))°‘  D Fix{k)  = ft.  To  prove 
this,  assume  {Fix{k))°‘  fl  Fix{k)  = II*  D ft,  II*  ^ ft.  Since  II*  3 ft,  the  order  of  II* 
is  > q^.  So  the  order  of  Fix{k)  is  > q*  and  consequently  n > q^  which  contradicts 
n < 9^/3.  This  contradiction  establishes  our  claim. 

Assume  a 6 G is  an  elation  for  ft,  and  assume  {Fix{k))°‘  7^  Fix(k).  By  lemma 
2.2.2  a is  also  cin  elation  of  II.  Let  a be  the  axes  of  a.  The  line  a is  in  Cq.  It  is  also 
a line  of  Fix{k)  and  {Fix{k))°‘.  Take  a point  A on  the  line  a outside  of  ft,  such  that 
A 6 Fix{k).  Note  a is  also  an  elation  of  II.  As  A is  on  axes  of  a,  A°‘  = A. 

On  the  other  hand,  since  (Fix(k))°‘  ^ Fix{k)  and  {Fix{k))°‘  D Fix{k)  = ft, 
we  have  = A G {Fix{k))°‘  n Fix{k)  = ft.  This  is  a contradiction,  therefore 
{Fix(k))°‘  = Fix{k)  for  every  elation  a. 
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Since  PSL{3,q)  is  generated  by  elations  of  PG{2,q),  elations  of  fl  generate  G. 
As  we  have  proved  that  for  every  a elation  of  {Fix[k))°‘  = Fix(k),  Fix{k)  is 
(j-invariant. 

The  group  G acts  on  Fix{k),  cis  a totally  irregular,  not  strongly  irreducible  and 
contains  a perspectivity.  Now  we  use  the  same  argument  we  used  in  proving  that 
Fix{K)  = fl  to  show  Fix{k)  cannot  be  bigger  than  f),  so  Fix{k)  = Q = Fix{K). 

□ 

Now  we  show  how  the  fixed  substructure  of  a S-group  determines  \K\. 

Lemma  3.3.5  Let  PSL{Z^  q)  = G < Au<(II)  be  a totally  irregular,  not  strongly  irre- 
ducible collineation  group  containing  a nontrivial  perspectivity.  Assume  that  S-groups 
are  not  special. 

Assume  fl  = PG(2,q).  Then  the  following  hold 

(1)  \K\  divides  n — q. 

(2)  \K\  divides  |Fix(5)|/3. 

(3)  \K\  divides  |F*x(s)|/3  for  every  s € S,  and  \K\  divides  |F(5')|. 


Proof: 


It  is  easy  to  see  (1).  Since  K leaves  lines  of  fl  invariant,  it  has  to  act  along  them 


outside  of  fl,  so  \K\ 


n — q. 


To  prove  (2)  and  (3)  we  are  going  to  look  at  the  semidirect  product  GK  < G. 
Note  G is  generated  by  elations  of  fl.  Let  a 6 be  an  elation.  We  claim  that 
[a,  if]  = 1.  Suppose  contrary.  Then  there  exists  an  element  fc  G if  such  that 
1 ^ [a,  k]  = a~^k~^ak  = a~^(k~^ak)  = € if.  Since  [a,  k]  is  an  element  of  if, 

it  fixes  every  point  in  ft.  On  the  other  hand,  as  a product  of  two  elations  of  fl  it  is 
not  plcinar.  This  contradiction  establishes  the  claim. 
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A 

Because  of  [G,K]  = 1,  the  group  K acts  on  Fix{s).  By  lemma  3.3.4,  as  II  = 
fl  = PG{2,q),  Fix{K)  = fl  = Fix{k)  for  every  I ^ k £ K.  Since  Fix{s)  D fl  = 0 
by  lemma  3.1.1,  K acts  fix  point  freely  on  Fix{s).  Hence  |A'|||Fix(s)|.  In  fact,  let 
a € Ng{S),  cr^  = 1,  <7  ^ 5.  Then  cr  acts  fix  point  freely  on  Fix{s)  and  K permutes 
the  < <T  >-orbits  in  Fix{s).  This  implies  that  |F|j|Fia:(s)|/3. 

□ 

Corollary  3.3.2  Let  PSL{3,q)  = G < y4ut(H)  be  a totally  irregular,  not  strongly 
irreducible  collineation  group  containing  a non-trivial  perspectivity.  Assume  that  S- 
groups  are  not  special. 

If  |Ftx(5)|  = 3,  then  K = 1.  Also  if  (n  — q,  |F*x(s)|)  = 1 or  3,  then  K = 1. 

Proof: 

Obvious  from  lemma  3.3.1. 

□ 

Thre  above  is  certainly  true  for  Figueroa’s  plane  and  Desarguesian  plane  PG{2,  q^). 
Even  for  F = 1 it  is  very  difficult  to  determine  plane  H because  of  the  complicated 
structure  of  F(S).  My  conjecture  is  that  planes  with  the  property  that  F{S)  is 
strictly  greater  than  3 do  not  exist,  moreover  that  the  only  possible  plane  orders  are 
q^,q^  and  q. 


CHAPTER  4 
CONCLUSION 


In  this  disertation  we  were  looking  at  how  PSL{3,q),  q odd,  determines  the 
structure  of  a finite  projective  plaae  H on  which  it  acts,  if  PSL{3,q)  is  a totally 
irregular  collineation  group  containing  nontrivial  perspectivity. 

In  2.1  we  have  shown  that  the  existence  of  a non  trivial  perspectivity  implies  that 
an  involution  must  be  a perspectivity.  A consequence  of  this  fact  is  that  there  is  a 
subplane  f)  isomorphic  to  the  Desarguesian  plane  PG{2,q)  inside  H (lemma  2.1.5). 
This  is  very  helpful  because  the  action  of  PSL{3,q)  on  PG{2,q)  is  known.  Thus  it 
was  possible  to  somewhat  control  how  PSL{3,q)  acts  on  H outside  of  PG{2,q).  As 
a consequence  of  section  2.1,  we  have  shown  in  section  2.2  that  elements  whose  order 
divides  q,  g+1  or  9— 1 are  generalized  perspectivities.  Because  of  the  total  irregularity 
of  G,  all  the  points  of  II  that  are  not  incident  with  the  lines  of  the  subplane  must 
be  fixed  by  elements  of  S-groups  in  PSL{3,q).  In  3.1  some  basic  facts  related  to 
those  points  are  given. 

S-groups  play  a very  important  role  in  determining  the  structure  of  H.  In  section 
3.2  it  has  been  shown  that  if  an  S-group  is  special,  i.e.  points  fixed  by  any  nontrivial 
element  of  the  group  are  points  fixed  by  the  whole  group,  then  the  planar  order 
of  n is  q,  q^  or  q^.  If  the  order  is  9,  then  H = fl;  if  the  order  is  q^,  then  H = 
PG{2,q^)  or  generalized  Hughes  plane.  In  the  later  case  we  used  the  theorem  by 
Unkelbach,  Luneberg  and  Dembowski  (see  theorem  1.5.3).  However,  there  is  no 
classification  of  planes  of  order  q^  which  allow  PSL{3,  q)  as  a,  collineation  group  under 
any  conditions.  Among  all  known  planes  of  order  q^  only  PSL{3,q^)  and  Figueroa 
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plane  admit  PSL{3,  g)  as  a totally  irregular  collineation  group  with  a perspectivity, 
but  there  might  be  other  planes  with  the  same  property.  This  is  one  of  the  problems 
for  future  research. 

If  S-group  is  not  special,  (as  in  3.3),  it  is  very  hard  to  specify  the  planar  order.  It 
is  shown  in  lemma  3.3.2  that  the  upper  bound  for  the  planar  order  is  g^/3. 

The  set  of  points  fixed  by  an  S-group  and  its  elements  can  be  very  complicated 
and  very  hard  to  control.  One  idea  to  cope  with  that  difficulty  is  to  introduce  11, 
a subplane  of  II  which  is  left  invariant  by  all  the  perspectivities  in  y4ut(II).  The 
group  i4ut(n)  acts  on  H with  certain  kernel  K.  It  weis  shown  in  lemma  3.3.3  that 
either  ft  = PG{2,q)  ^ H,  or  ft  = H = PG{2,q%  for  t = 1,2,3.  If  ft  H,  then 
Aut(H)/K  < PTL{3,q).  In  that  case  it  turns  out  that  K is  controled  by  S-groups  and 
their  fixed  structures,  as  shown  in  lemma  3.3.4  and  3.3.5.  In  particular,  if  the  number 
of  points  fixed  by  the  entire  S-group  is  3,  then  K = I and  A«<(II)  < PTL{3,q). 

If  there  is  any  other  plane  which  admits  P5X(3,  as  a totally  irregular  collineation 

group  with  a perspectivity  other  than  PG{2,q^),  for  t = 1,2,3,  generalized  Hughes 
plane  of  order  q^,  and  Figuueroa  plane  of  order  q^,  then  it  would  be  a new  finite 
projective  plane. 
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